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The external bonding of fiber-reinforced polymer (FRP) laminates on a tension face is an effective tech-
nique for strengthening reinforced concrete (RC) structures. In such application, only a limited amount of
research is available on the numerical modeling that includes appropriate constitutive models to simu-
late the nonlinear material behavior of the structures. The finite element method was used to investigate
various effects, from slab thickness, concrete, steel bars and FRP properties to the behaviors and maxi-
mum capacities of the FRP-strengthened RC slabs. This paper demonstrates the rationale consideration
to design FRP-strengthened RC slabs and the proper modeling of constitutive materials and interfaces
essential to simulate suitable behavior of the composites.

� 2013 Elsevier Ltd. All rights reserved.
1. Introduction

A significant number of investigations has been conducted on
the application of externally bonded fiber-reinforced plastic (FRP)
in the strengthening of reinforced concrete (RC) structures [1–3].
Although there has been a considerable amount of research on
strengthened beams and columns, applications to RC slabs are in
comparison rather limited, especially for strengthened two-way
slabs under distributed load. Most research that has been carried
out is experimentally based [4,5], and only a limited amount of
studies are available on the numerical modeling. The lack of such
research creates a challenge for the investigation of numerical
modeling using the finite element (FE) method, despite FE being
an efficient and cost-effective numerical tool to model the struc-
tural behavior of RC members.

Experimental studies are indeed crucial to better understand
the failure modes and actual behavior of the structures; however,
these types of study are expensive and time consuming and the
models are difficult to test until ultimate failure point. To expand
FRP utilization and improve the composite design, conducting
numerical studies is essential. FE research on FRP-strengthened
RC slabs from the past decade has been reviewed, but only few
studies have included nonlinear FE [6,7] and successfully simu-
lated the debonding failure mode [8–10].

Adhesives are commonly used to attach laminates to concrete.
This interface is usually considered as a perfect bonding between
the FRP and the slab with a ‘no slip’ assumption that has been used
by many investigators [3,4,11,12]. However, it is important to in-
clude the compliance of the bond between concrete and FRP since
most research has been dominated by debonding failure. Bond
behavior can be represented as a bond–slip model, such as: the lin-
ear-brittle bond–slip model [13] that neglects the softening behav-
ior, an ascending and descending branch of a bond–slip model [14],
a precise, simplified, and bilinear bond–slip model [15].

This study was conducted to predict the complete load–defor-
mation behavior up to failure and includes a nonlinear FE analysis
for two-way slab strengthening with externally bonded FRP. For
accurate FE analysis results, it is essential to adopt an appropriate
constitutive material model to define the significant material
behavior. Although most research has assumed a linear FRP behav-
ior, unidirectional fibrous composites exhibit severe nonlinearity
in regard to their inplane shear stress–strain relations [16]. Devia-
tion from linearity is observed with inplane transverse loading;
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Fig. 1. Concrete failure surface in plane stress.
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however, the degree of nonlinearity is not comparable to those ob-
served with inplane shear [17]. Accordingly, this paper introduces
the nonlinear behavior, not only for concrete material, but also for
FRP material.

A number of factors affect the performance of the bonding
mechanism between the FRP and concrete, such as dimensions,
mechanical properties and composition of the fibers, as well as
the adhesion or bond between the fibers and RC [18]. The linear
stress–strain relationship of FRP up to failure without a noticeable
yield point creates a sudden failure of the composite. To create a
better composite design, it is essential to provide the maximum
stiffness with minimum material [18], and to take advantage of
the matrix material as the host and FRP material as the embedded
anisotropic nature of the material.

The objective of this paper is to investigate the effects of the
nonlinear material behavior of composite slabs, including the
interface modeling between the RC slab and FRP. Some parametric
studies, such as concrete, steel bars and FRP properties, are
generated to observe the behavior and the maximum capacity of
the composite slabs under specific circumstances. Aspects of the
behavior evaluated in this study include the ultimate load of the
models, the effects of the parameters on the ultimate load and en-
ergy at the failure point, and the effectiveness of the material to
improve the design of FRP-strengthened RC slabs. In all simula-
tions, realistic constitutive laws for materials, reasonable interface
models, and the reliable verified factors were adopted.
2. Nonlinear finite element models

The numerical analysis was carried out using the FE software
package ABAQUS [19]. This program can simulate the entire
nonlinear load–deformation behavior of conventional and FRP-
strengthened RC slabs. The software simulations employ constitu-
tive models for concrete, steel, and FRP. Reliable constitutive models
applicable to steel reinforcing bars and concrete are available in the
ABAQUS material library; however, the ABAQUS package does not
have a nonlinear material library for FRP. Consequently, the result-
ing nonlinear constitutive equations for the FRP were coded in
FORTRAN language as a subroutine and linked to the ABAQUS
software. To model the FRP/concrete interface, bond–slip relations
were introduced using cohesive behavior that links the FRP lami-
nates to the concrete.
Fig. 2. Tension stiffening model.
2.1. Modeling of concrete

Under multi-axial combinations of loading, the failure strengths
of concrete are different from those observed under uni-axial con-
ditions. However, the maximum strength envelope under multiple
stress conditions seems to be largely independent of load path [20].
In Fig. 1, a Mohr–Coulomb type compression surface together with
a crack detection surface is used to model the failure surface of
concrete. When the principal stress components of concrete are
in a biaxial compression zone, the response of the concrete is mod-
eled as an elastic–plastic theory with an associated flow and an iso-
tropic hardening rule. When the principal stress components of
concrete are in either a biaxial tension zone or in a biaxial ten-
sion–compression zone, cracking of concrete is defined to occur
by the crack detection surface. Once the cracking of concrete takes
place, the orientation of the crack is stored. Damaged elasticity is
then used to model the existing crack [19].

When plastic deformation occurs, there should be a specific
parameter to guide the expansion of the yield surface. A commonly
used approach is to relate the multidimensional stress and strain
conditions to a pair of quantities, namely, effective stress rc and
effective strain ec , such that results obtained following different
loading paths can all be correlated by means of the equivalent
uni-axial stress–strain curve. For concrete nonlinear behavior, Sae-
nz’s stress–strain curve [21] is used. This relationship has been
widely adopted as the uni-axial stress–strain curve for concrete,
and has the following form:

rc ¼
Ecec

1þ ðRþ RE � 2Þðec
eo
Þ � ð2R� 1Þðec

eo
Þ2 þ Rðec

eo
Þ3

ð1Þ

where

R ¼ REðRr � 1Þ
ðRe � 1Þ2

� 1
Re

; RE ¼
Ec

Eo
; Eo ¼

f 0c
eo

and where Rr ¼ 4, and Re ¼ 4 are used [22]. In the analysis, Eq. (1) is
taken as the equivalent uni-axial stress–strain curve for concrete.
The value of eo is 0.003, as suggested by the ACI Committee 318
[23]. The initial modulus of the elasticity of concrete Ec can be cal-
culated with reasonable accuracy from the empirical equation [23].

When cracking of concrete takes place, a smeared model is used
to represent the discontinuous macro crack behavior. Tension stiff-
ening, in which the cracked concrete of the RC element can still
carry some tensile stress in the direction normal to the crack
[24], is utilized by a simple descending line to model this tension
stiffening phenomenon (Fig. 2). The default value of the strain e�
at which the tension stiffening stress reduces to zero is 0.001 [19].

During the post cracking stage, the cracked RC can still transfer
shear forces through aggregate interlock or shear friction, which is



τmax

So Smax

Bond 
stress

Slip

Gf

296 C. Lesmana, H.-T. Hu / Construction and Building Materials 53 (2014) 294–304
termed shear retention. Assuming that the shear modulus of intact
concrete is Gc , then the reduced shear modulus bG of cracked con-
crete can be expressed as bG ¼ lGc and l ¼ ð1� e=emaxÞ, where e
is the strain normal to the crack direction and emax is the strain
at which the parameter l reduces to zero. Numerous analytical re-
sults have demonstrated that the particular value chosen for l (be-
tween 0 and 1) does not appear to be critical, but that values
greater than zero are necessary to prevent numerical instabilities
[24,25]. In ABAQUS, emax is usually assumed to be a very large va-
lue, i.e., l ¼ 1 (full shear retention). As such, in this investigation,
the default values for the tension stiffening parameter e� ¼ 0:001
and shear retention parameter l ¼ 1 are used.

2.2. Modeling of steel and FRP reinforcement

The perfectly elastic plastic is assumed to exemplify the stress–
strain curve of the reinforcing bar, which the elastic modulus of the
steel reinforcement (Es) is 200 GPa. Although a bond–slip relation
is assumed for the FRP/concrete interface, the concrete and steel
reinforcement are assumed to be perfectly bonding.

For FRP, each lamina can be considered to be an orthotropic
layer in a plane stress condition. It is well known that unidirec-
tional fibrous composites exhibit severe nonlinearity in their in-
plane shear stress–strain relation. To model this shear behavior,
the nonlinear strain–stress relation for a composite lamina sug-
gested by Hahn and Tsai [16] is adopted as follows:

e1

e2

c12
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In this model, only one constant S6666 is required to account for
the inplane shear nonlinearity, the value of which can be deter-
mined by a curve fit to various off-axis tension test data [16].

The incremental stress–strain relations for a nonlinear orthotro-
pic lamina can be given as follows:

Dfr0g ¼ ½Q 01�Dfe0g ð3Þ

Dfs0tg ¼ ½Q
0
2�Dfc0tg ð4Þ

where Dfr0g ¼ Dfr1;r2; s12gT ; Dfs0tg ¼ Dfs13; s22gT ; Dfe0g ¼
Dfe1; e2; c12g

T ; Dfc0tg ¼ Dfc13; c22g
T ;
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The terms a1 and a2 are the shear correction factors, and are ta-
ken to be 0.83 [26]. Furthermore, it is assumed that the transverse
shear stresses always behave linearly and do not affect the nonlin-
ear behavior of any inplane shear.

Among existing failure criteria, the Tsai–Wu criterion [27] has
been extensively used in the literature and is adopted in this anal-
ysis. Under plane stress conditions, this failure criterion has the fol-
lowing form:

F1r1 þ F2r2 þ F11r2
1 þ 2F12r1r2 þ F22r2

2 þ F66s2
12 ¼ 1 ð7Þ

with

F1 ¼
1
X
þ 1

X0
; F2 ¼

1
Y
þ 1

Y 0
; F11 ¼

�1

XX0
; F22 ¼

�1

YY 0
; F66 ¼

1
S2
X, Y and X 0, Y 0 are the lamina longitudinal and transverse strengths
in tension and compression, respectively, while S is the shear
strength of the lamina. Although it is difficult to determine the
stress interaction term F12 in Eq. (7), it has been suggested that
F12 can be set equal to zero for practical engineering applications
[28]. Therefore, F12 = 0 is used in this investigation.

2.3. FRP/concrete interface

Two models are presented in this paper, fully bonded behavior
and cohesive behavior. For the fully bonded behavior, the contribu-
tion of the adhesive layer to the flexural capacity was neglected.
For the cohesive behavior, the interface between concrete and
FRP is integrated to the model to simulate the bond behavior of
the composite. Bond properties modeled as inputs to the cohesive
model, such as initial stiffness related to adhesive properties, shear
strength and fracture energy, are expressed as functions of the ten-
sile strength of concrete and of adhesive properties.

The mechanical behavior of the FRP/concrete interface is mod-
eled as a relationship between the local stress and the relative dis-
placement. The properties of the interface elements were
determined from the simplified bilinear bond–slip model [15]
illustrated in Fig. 3. A damage evolution law was defined such that
the bond–slip curve unloads linearly through the origin after the
interface enters the softening range. The maximum bond/shear
stress experienced by the interface, smax, and corresponding slip
when the bond stress reaches maximum, So, are governed by the
tensile strength of the concrete and a width ratio parameter, bw.
The maximum local bond strength smax and the corresponding slip
So are given by

smax ¼ 1:5bwft ð8Þ

So ¼ 0:0195bwft ð9Þ

The parameter bw is defined in terms of the laminate width, wf,
the spacing, sf, and angle of fiber orientation to longitudinal axis, b
[9], as follows

bw ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2�wf =ðsf sin bÞ
1þwf =ðsf sin bÞ

s
ð10Þ

The initial stiffness [10] of the bond–slip model is defined by

Ko ¼
KaKc

ðKa þ KcÞ
ð11Þ

where Ka ¼ Ga=ta and Kc ¼ Gc=tc . Ga is the elastic shear modulus of
the adhesive and ta is the effective thickness of the adhesive. Gc is
the elastic shear modulus of the concrete and tc is the effective
thickness of the concrete whose deformation forms part of the
interfacial slip.

The total fracture energy can be expressed as:
Fig. 3. Bond–slip models.
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Gf ¼ 0:308b2
w

ffiffiffi
ft

p
ð12Þ

Although the interfacial fracture energy is less affected by the
FRP stiffness, it is affected by the mechanical properties of the con-
crete and to a lesser extent by those of the adhesive [10].
3. Geometrical modeling

The slab’s models were adopted from the experimental investi-
gation by Mosallam and Mosalam [4]. The slabs were subjected to
uniform static pressure with dimension, as in Fig. 4. Pressure was
applied to the bottom surface of the slab so that the top surface
was subjected to tensile stress. An equal spacing in the two orthog-
onal directions #3 @ 305 mm was used for tension reinforcement
with grade 60. The yielding stress was fy = 413.7 MPa, and the com-
pressive strength of the concrete was f 0c = 32.87 MPa.

Due to geometrical and loading symmetry, only a quarter of the
simply supported slab in Fig. 4 was analyzed, with symmetric
boundary conditions assigned along two symmetric planes. The fi-
nite element mesh has 25 reinforced concrete shell elements with
9 layers through the thickness in total (5 rows in each FRP strip
direction). RC rectangular slabs and FRP were modeled by four-
node quadrilateral shell elements with six degrees of freedom
per node. The rebar/concrete interface, such as the bond slip and
dowel action, are modeled approximately by introducing some
‘‘tension stiffening’’ into the concrete cracking model to simulate
load transfer across cracks through the rebar. An incremental-iter-
ative Newton’s method was applied to solve the nonlinear equilib-
rium equations.

While one specimen was a pure RC slab, the other specimen
was an RC slab strengthened with two FRP layers, of which their
fiber directions were oriented in the two orthogonal directions of
the slab (Fig. 4). The thickness for each layer is 0.58 mm adhered
to the top side of the slab. At the intersection regions of the stag-
gered unidirectional laminates, bidirectional fiber architecture,
i.e. a [90/0/90/0] lamination layup, was formed. The material prop-
erties of carbon FRP were adopted from the experimental
x

y

26
40

 m
m

2640 mm

76.2 mm

#3 @ 305 mm

uniform pressure

457 mm

457 mm

Fig. 4. Details of Mosallam–Mosalam’s specimens.
specimens of Mosallam and Mosalam [4]. The tensile strength
ðXutÞ was 1208.7 MPa while elastic modulus (E11) was
100.75 GPa. The following parameters were assumed to take the
Tsai–Wu criterion into account: E22 = 1 GPa, G12 = 1 GPa, Xuc =
�12 MPa, Yuc = 12 MPa, Yut = �12 MPa, and m12 = 0.3.
4. Parametric studies

In the following, comparisons are made between the experi-
mental and numerical results in terms of the ultimate load carrying
capacities and load–displacement relationships. The simulated
specimens include control and FRP-strengthened RC slabs. The FE
constitutive models for steel bars, FRP and RC were validated
against the test results reported in the literature [6,19]. The para-
metric studies are organized on four important factors: composite
slabs, dimension, concrete, steel bars, and FRP. Three thickness
variants are represented by dimension ratios (L/h) which is the ra-
tio between the length and thickness of the slabs. The ratios are 20,
35, and 40 for the slab thicknesses of 132 mm, 76 mm, and 66 mm,
respectively. The ratio 35 with thickness 76 mm is the reference
slab from Mossalam–Mosalam. The concrete strength properties
are 25 MPa, 32.87 MPa, and 40 MPa. The influence of the steel bars
are measured by steel reinforcement ratios (qs = 0.18%, qs = 0.37%,
and qs = 1%) and steel strength (grade 40 – fy = 276 MPa and grade
60 – fy = 413.7 MPa). It should be noticed that concrete strength
property 32.87 MPa and qs = 0.37% with grade 60 is the reference
slab from Mossalam–Mosalam. The strengthening schemes are cat-
egorized into two types: type 1 – the same FRP model as Mossalam
and Mossalam’s experiments; and, type 2 – a cross formed by two
strips of FRP removed in both directions from the existing models.
The number of layers and different FRP properties were also inves-
tigated. Details of all variations for the parametric studies are sum-
marized in Table 1.
4.1. Verification of the proposed model

A comparison between the FE predictions and the experimental
results, with and without FRP, are presented to demonstrate the
capability of the present FE model in simulating the failure of the
structures. Fig. 5 presents verification of simulation models that
compare FE results with the test results. The FE results for load–
displacement at the center can simulate real behavior up to failure
of the control and FRP-strengthened models. The predicted ulti-
mate load and displacement for the RC slab are very close to the
test results with error percentages of 3.4% and 2.1%, respectively.
For the FRP-strengthened RC slabs, two assumptions were
adopted: fully bonded (FB) and cohesive behavior (CB). The FE re-
sults for FB can predict the load well (0.01% error); however, if
compared to CB (1.3% error), the FB curve only has significant re-
sults in the early section of the curve. As the steel yields, the FB
curve becomes stiffer, so the error percentages of the final dis-
placement of the experimental models are 16.6% (FB) and 5.9%
(CB). Although both assumptions are good for predicting ultimate
load, to obtain accurate FE results for load–deformation behavior,
the cohesive assumption is recommended. In further parametric
studies (Table 1), the FE results are based on the cohesive model
assumptions.

Fig. 6 shows the effects of the tension stiffening are not signif-
icant to the ultimate load. The factor of tension stiffening is based
on bond slip between the reinforcement and the surrounding con-
crete. From the figure, it can be observed that the effects of tension
stiffening are only in the early stage of the load–displacement
curves. Since this study only consider the maximum total load,
so that the default value of 0.001 in ABAQUS is used.



Table 1
Dimension and property variations in parametric studies.

Models Dimension Concrete Steel FRP

L/h f 0c (MPa) qs (%) fys (MPa) No. of layers Material properties Type

1 20, 40 33 0.37 414 2 Xut = 1209 MPa 1
E11 = 101 GPa

2 20, 40 25, 40 0.37 414 2 Xut = 1209 MPa 1
E11 = 101 GPa

3 35 33 0.18, 0.37, 1 276 2 Xut = 1209 MPa 1
E11 = 101 GPa

4 35 33 0.37 414 1, 3, 4 Xut = 1209 MPa 1
E11 = 101 GPa

5 35 33 0.37 414 2 Xut = 2400 MPa 1
E11 = 155 GPa

6 35 33 0.37 414 2 Xut = 1209 MPa 2
E11 = 101 GPa
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4.2. Ultimate load analysis of the slabs with thickness variations

The load displacement curves shown in Fig. 7 are specified for
f 0c = 32.87 MPa, qs = 0.37% with grade 60, type 1 strengthening with
2 layers FRP laminates in ply combinations [90/0] for Xut = 1209 -
MPa, and three different dimension ratios (L/h = 20, 35, and 40).
Taking the L/h = 35 case as a base point (the Mosallam–Mosalam’s
slab), the ultimate load is decreased 26% for RC slabs and 12% for
FRP-strengthened RC slabs (SS), if the thickness is decreased 13%
(L/h = 40 case); however, if the thickness is increased 74% (L/
h = 20 case), the ultimate load can be increased up to 2.5 and 2.3
times for RC and SS, respectively. The behaviors of both RC and
SS slabs are similar, and as the dimension ratios become lower,
the thickness and ultimate load become higher. The greater the
thickness of the slab, the more energy it can absorb. The strengths
of pure RC and the composite are affected by the thickness of the
slabs. However, as the thickness decreases, the effects of FRP as a
strengthening material are more significant.

For most of cases in Fig. 7 (RC), the first yielding of the steel bars
(YS) that defined as the point at which the strain of the rebar
reaches ey are occurred first, then followed by the failure of con-
crete, termed concrete crushing (CC), that assumed for the strain
of the concrete becomes greater than 0.003. However, the failure
modes of all cases in SS occur when the steel yielding is followed
by intact FRP and concrete crushing. The first yielding of the FRP
(YF) is when the FRP strain of one or more elements has already
reached 0.0023.

Furthermore, the strain energy of the models is observed. The
energy stored at failure (U) is defined as the total area under the
load and displacement curves. The energy results of the RC models
for L/h = 20, 35, and 40 are 12.6 kNm, 11.5 kNm, and 7.9 kNm,
respectively. Similar trends can be found for the energy results of
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Fig. 7. Load and mid-span behaviors of RC square slabs with and without FRP for
variation of thicknesses (L = 2640 mm).

Fig. 8. Load and mid-span behaviors of RC square slabs with and without FRP for
variations of concrete properties.
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the SS models for L/h = 20, 35, and 40 (25 kNm, 16 kNm, and
15 kNm, respectively). Compared to L/h = 20, a decrease in the
thickness of about 42% can lower U up to 9% (RC) and 36% (SS),
while a decrease in the thickness by half can lower U up to 37%
(RC) and 40% (SS). Decreasing the thickness is the same as having
a higher L/h value. By contrast, the lower dimension ratios generate
higher strain energy, which affects U of RC more than the SS model
in some levels. These results show that FRP is indeed able to
strengthen the RC slabs since it can cover the lack of concrete
capacity due to small thickness.

4.3. Ultimate load analysis of the slabs with variation of concrete
properties

Fig. 8 presents the load displacement curves for three variations
of f 0c (25, 33, and 40 MPa), L/h = 35, qs = 0.37% with grade 60, and
type 1 strengthening with 2 layers of FRP laminates for Xut = 1209 -
MPa. Since the curves seem parallel, this demonstrates that the
concrete properties have little influence on the behavior of the
slabs for RC both without and with FRP. Two layers of adhered
FRP in various concrete properties can increase the ultimate load
to approximately two times the original load. Compared to
f 0c = 25 MPa, if the compression strength of the concrete increases
to 7.9 MPa, the ultimate loads are increased 3% (RC) and 14%
(SS), but if f 0c increases to 15 MPa, the ultimate loads are increased
4% (RC) and 29% (SS). The effects of f 0c are more significant in SS
slabs, where doubling the increase of f 0c can double the increase
of the ultimate load.

For all cases of failure modes in Fig. 8 both RC and SS slabs, the
first yield of steel always comes first and the last mode is concrete
crushing. So that in SS slabs, the first yield of FRP is the mode in
between of first yield of steel and concrete crushing.

The results of energy stored at failure for f 0c = 25, 33, and 40 MPa
are 13, 16, and 19, respectively. The strain energy is increased as
the value of the concrete strength becomes higher. A ‘‘tough’’ com-
posite is the FRP-strengthened RC slab that has a high energy value
with minimum material. For this case, the effectiveness of the
composite to dimension and concrete properties is measured by
the ratio between the strain energy and parameter index. This in-
dex is calculated as the multiplication area of the concrete section
(L � h) with f 0c . Fig. 9 shows that the dimension ratio affects the
effectiveness of the composite rather than concrete strength, since
the difference among L/h curves is bigger than the difference
among f 0c . The best case is the slab with a higher effectiveness
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value, which is the slab with the higher f 0c and higher L/h equaling a
lower thickness value.
4.4. Ultimate analysis of RC slabs with variation of steel bars

The higher the value of steel reinforcement ratio, the higher the
obtainable ultimate load can be achieved. Fig. 10 illustrates that
the ultimate load will significantly increase in tandem with an
increasing steel reinforcement ratio for three variations of steel
properties grade 60 with L/h = 35, f 0c = 32.87 MPa, and type 1
strengthening with 2 layers of FRP laminates for Xut = 1209 MPa.
As examples, the ultimate loads for the case qs = 0.18%, are
124 kN (RC) and 376 kN (SS), which are smaller than the ultimate
loads for the case with qs = 1%, 459 kN (RC) and 636 kN (SS). Add-
ing more steel in the slabs enables a higher ultimate load; conse-
quently the curves become more linear as the ratios become
higher. In comparing the ultimate loads between SS and RC, the
ultimate loads of the composite are 3.1 times greater for the
qs = 0.18% case, 2.1 times for the qs = 0.18% case, and 1.4 times
for the case qs = 1% case. As the ratios increase, the curves of the
slabs with and without FRP become coincident. The increased qs

is not very efficient for the SS models.
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(a) one-layer FRP (b) two-layers FRP 

(c) three-layers FRP (d) four-layers FRP 

Fig. 14. Crack patterns at failure point for FRP-strengthened RC slabs.
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Fig. 11 offers a comparison of the load displacement curves for
different steel strengths with f 0c = 32.87 MPa, L/h = 35, qs = 0.37%,
and type 1 strengthening with 2 layers of FRP laminates for
Xut = 1209 MPa. The variation of steel strength accounts for only
a small effect on the strengthened slab, 8% for the ultimate load
and 2% for the maximum displacement; however, a significant ef-
fect can be found on pure RC, results of which are 52% for the ulti-
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Fig. 15. Interfacial shear stress of FRP-strengthened R
mate load and 47% for the maximum displacement. FRP adhered
onto RC slabs can increase the ultimate load up to 2.9 times for
grade 40 and 2.1 times for grade 60. The increased steel strength
is superior for RC compared to SS, but using lower steel strength
is recommended for utilizing FRP in SS slabs since it can obtain
similar result as higher steel strength. These significant results
demonstrate that FRP can replace a lack of steel in some cases. Sim-
ilar to other cases, the Figs. 10 and 11 show that the first yield of
steel bar occurs first and the last is concrete crushing. For the SS
slabs, the first yield of FRP occurs in between YF and CC.

The results for strain energy of the SS in grade 60 are 13, 16, and
27 for qs = 0.18%, qs = 0.37%, and qs = 1%, respectively, while the
strain energy of the SS slabs for qs = 0.37% grade 40 is 15. The small
difference in the strain energy results for the effects of the steel
strength shows that the strain energy is more affected by steel
reinforcement ratios than steel strength. Fig. 12 presents the effec-
tiveness of the composite to rebar properties (qs � fys). A higher va-
lue of effectiveness represents a better performance of the
composite slabs in creating higher strain energy with minimum
material. The effects of steel strength are more significant in
obtaining ‘‘tough’’ composites for lower steel properties. As the
properties of steel bars and the steel strength become lower, the
effectiveness becomes higher.
4.5. Ultimate load analysis of RC slabs with variations of FRP
reinforcement

The first yielding of the steel bars (YS) is defined as the point at
which the strain of the rebar reaches 0.0021, while the first yield-
ing of the FRP (YF) is when the FRP strain of one or more elements
have already reached 0.0023. The failure of concrete, termed con-
crete crushing (CC), is assumed when the strain of the concrete be-
comes greater than 0.003. The failure modes of all cases (Fig. 13)
occur when the steel yielding is followed by concrete crushing
and intact FRP.
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Fig. 16. Load and mid-span displacement behaviors of FRP-strengthened RC slabs for different numbers of FRP layers using both the fully bonded (FB) and cohesive behavior
(CB) assumption.
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Adding more layers of FRP will not significantly increase the
capacity of the composite slabs. This situation is shown in
Fig. 13, where the ultimate loads for 1 layer and 2 layers of FRP
laminate are almost the same, 391 kN (1 layer FRP) and 440 kN
(2 layers FRP), respectively, while the ultimate loads for 3 layers
(401 kN) and 4 layers of FRP (375 kN) are less if compared to two
layers of FRP laminate. Although more FRP layers indicate more
reinforcement adhered onto RC slabs, results show that the
strengthened slabs fail to reach the expected ultimate loads.

Fig. 14 demonstrates similar crack patterns at the failure points
for one-layer, two-layer, three-layer, and four-layer FRP laminate.
The slabs do not appear to have more cracks; however, the ulti-
mate loads for more FRP layers are smaller. Similar patterns indi-
cate that the concrete is not the failure factor in the models.
Furthermore, the interfacial shear stress is plotted in Fig. 15 to
demonstrate the behavior of the interface between concrete and
FRP. As the distance becomes closer to the center of the slab, the
interfacial shear stress becomes higher. The total load and the
maximum interfacial shear stress are parallel. The greater the
number of layers attached, the earlier the maximum interfacial
shear stress is reached. The maximum interfacial shear stress at
ultimate load is similar to the interface behavior analysis of Mossa-
lam’s FRP-strengthened RC slab by Elsayed et al. [10]. Their results
indicate that the failure of an interface tends to dominate when
more FRP layers are attached.

Comparing the results of the FB and CB assumption in Fig. 16,
the curves for the FB assumption are too stiff and overestimated,
especially at higher numbers of FRP layers. As more layers are at-
tached to the slabs, the ultimate loads become increasingly overes-
timated. For example, the results from the FB ultimate load are
overestimated 1.5 times (nlayer = 3) and 2.2 times (nlayer = 4) if they
are compared to the CB results. An effective bond length exists be-
yond which an extension of the bond length cannot increase the
bond strength as well as the ultimate load of the strengthened
RC structure. As long as the criterion for the effective bond length
has been fulfilled, it is quite justifiable to use the perfect bonding
assumption.

For the next models, another case of FRP properties was consid-
ered, tensile strength Xut = 2400 MPa and elastic modulus
(E11) = 155 GPa. A higher FRP tensile strength does not mean that
a higher ultimate load can be obtained. This is illustrated in
Fig. 17 where for almost double the FRP tensile strength, the curve
is slightly stiffer but a smaller ultimate load can be resisted by the
composite. This fact shows that the bond and the properties of FRP
affect the composite slabs. The failure for the slab with Xut = 1209 -
MPa is steel yielding followed by concrete crushing and intact FRP;
while the failure for the slab with Xut = 2400 MPa is FRP yielding
followed by steel yielding, concrete crushing and intact FRP. The
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Fig. 18. Interfacial shear stress of FRP-strengthened RC slabs for different tensile strengths of FRP.
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slabs adhered by carbon FRP are prone to fail by interface failure,
not by the matrix failure or FRP failure. Consequently, the bond
or interface is the most urgent factor to consider during numerical
analysis.

Similar with Fig. 15, the results of the interfacial shear stress in
Fig. 18 also demonstrate that the ultimate load is attained when
the interfacial shear stress achieves its maximum value. Higher
FRP tensile strength with small yielding strain specification leads
the slab to reach the maximum interfacial shear stress faster. The
interface failure is not only influenced by area of FRP, but also by
the property of FRP. The higher the values of FRP area or property,
the more FRP-strengthened slabs are prone to have interface
failure.

A composite with bigger FRP area can achieve a higher ultimate
load and stiffer curve. This is presented in Fig. 19, where adding
more FRP strips is equivalent to adding more reinforcement into
the slabs. They can increase the ultimate load of the composite un-
til a certain limit. The failure modes for both models are similar:
steel yielding followed by concrete crushing and intact FRP. How-
ever, the FRP yield is faster for the slabs with smaller FRP area (see
Fig. 19).
5. Conclusions

In this paper, nonlinear FE analyses for strengthening square RC
slabs by bonding FRP were performed. Based on the numerical re-
sults, the following conclusions may be drawn:

1. Tension stiffening is not sensitive to the ultimate load.
2. The FE results for the fully bonded assumption are too stiff com-

pared to the results that include interface modeling.
3. An increased thickness of the slab can lead to a better compos-

ite design since the model can absorb more energy. However, as
the thickness becomes less, the effects of FRP as a strengthening
material are more significant.

4. The effects of the concrete strength properties are more signif-
icant for FRP-strengthened RC slabs compared to pure RC slabs.
However, the modification of concrete strength properties only
influence a small amount of the total energy stored at failure
generally.

5. The increase of ultimate load for FRP-strengthened RC slabs
compared with pure RC slabs is more significant when the slabs
have lower steel reinforcement ratio. Using lower steel strength
is recommended in order to utilize FRP, since FRP can make up
for the shortcoming of steel.

6. Adding more layers of FRP will not significantly increase the
capacity of the composite slabs. The maximum interfacial shear
stress can be earlier reached when more FRP layers attached.
Once the bond between RC and FRP is failed due to interfacial
shear stress, adding more layers of FRO will be useless and will
not increase the ultimate capacity of the structure. Therefore, a
proper interface model should be incorporated into the numer-
ical analysis.
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