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concrete plates strengthened by fiber-reinforced plastics. Appropriate constitutive models are introduced
and validated to stimulate nonlinear material behavior of reinforced concrete and fiber-reinforced plas-
tics. The influences of FRP reinforcement, steel reinforcement, and concrete properties on the ultimate
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empirical equations are proposed to predict increment of ultimate load capacities of the square rein-
forced concrete plates strengthened by fiber-reinforced plastics, which would be useful for practical engi-
neering applications.
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1. Introduction

Due to the high strength-to-weight ratio, high durability, and
good resistance to corrosion and fatigue, fiber-reinforced plastic
(FRP) has replaced the traditional strengthening material, steel,
and been intensively used in the strengthening of reinforced con-
crete (RC) structures in recent years. In addition, FRP can be simply
installed since there are no requirements for laps and joints. They
can take up irregularities in the shapes of concrete surfaces and
have no problems with overlapping due to the thinness of the
materials [1].

The research on the FRP to strengthen the RC structures has
been started on the characteristics of material behavior [2], the
interface between RC and FRP [3–5], the performance and failure
of the composite materials and members [6–9]. As the result, dif-
ferent technologies of strengthening have been developed on the
purposes of increasing the load carrying capacities of RC structures.

Performances of RC structures with bonded external FRP have
been studied by many researchers experimentally [7,10,11] and
numerically [12–14]. However, only a few investigators conducted
the study for RC plates strengthened by FRPs. In many research
work, the behavior of FRP was assumed to be linear [12,15] but
unidirectional fibrous composites exhibit severe nonlinearity in
their in-plane shear stress–strain relations [16]. In addition,
deviation from linearity is also observed with in-plane transverse
loading but the degree of nonlinearity is not comparable to that
observed with the in-plane shear [16,17]. In order to accurately
predict the load carrying capacities of RC structures strengthened
by FRPs, the nonlinear behavior of FRP should be modeled properly
[18].

In this investigation, proper constitutive models are introduced
to simulate the nonlinear behavior of concrete and FRP. These
material constitutive models are validated with the experiment
data of Mosallam and Mosalam [10] using Abaqus finite element
program [19]. Then, extensive numerical analyses are carried out
to analyze the ultimate load capacities of square reinforced
concrete plates strengthened by FRP. In addition, the influences
of fiber orientations and various strengthening patterns of FRP on
the ultimate strengths of the reinforced concrete plates are inves-
tigated. Finally, based on the numerical results, empirical equa-
tions are proposed to predict the ultimate load capacities of the
square reinforced concrete plates strengthened by FRP, which
would be useful for practical engineering applications.
2. Constitutive models of material

The materials used in the analysis involve steel reinforcing bars,
concrete and FRP. Reliable constitutive models applicable to steel
reinforcing bars and concrete are available in the Abaqus material
library. Thus, their input material properties and associated consti-
tutive models are briefly introduced. Since the Abaqus program
does not have a nonlinear material library for FRP, its nonlinear
constitutive model is discussed here in detail. The consequential
nonlinear constitutive equations for the FRP are coded in FORTRAN
language as a subroutine and linked to the Abaqus program.
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2.1. Steel reinforcing bar

The elastic modulus of the steel reinforcement is assumed to be

Es ¼ 200 GPa ð1Þ

The elastic perfectly plastic is assumed to exemplify the stress–
strain curve of the reinforcing bar.

2.2. Concrete

The Poisson’s ratio mc of concrete under uniaxial compressive
stress ranges from 0.15 to 0.22, with a representative value of
0.19 or 0.20 [20]. In this study, the Poisson’s ratio of concrete is as-
sumed to be

mc ¼ 0:2 ð2Þ

Let the uniaxial compressive strength and the corresponding
strain of the concrete be f 0c and eo. The value of eo is usually around
the range of 0.002–0.003. A representative value suggested by ACI
Committee 318 [21] and used in the analysis is

eo ¼ 0:003 ð3Þ

The uniaxial tensile strength f 0t of concrete is difficult to mea-
sure. For this study the value is taken as [20]

f 0t ¼ 0:33
ffiffiffiffi
f 0c

q
MPa ð4Þ

The initial modulus of elasticity of concrete Ec is highly corre-
lated to its compressive strength and can be calculated with rea-
sonable accuracy from the empirical equation [1].

Ec ¼ 4700
ffiffiffiffi
f 0c

q
MPa ð5Þ

Under multiaxial combinations of loading, the failure strengths
of concrete are different from those observed under uniaxial condi-
tion. However, the maximum strength envelope under multiple
stress conditions seems to be largely independent of load path
[22]. In Abaqus, a Mohr–Coulomb type compression surface to-
gether with a crack detection surface is used to model the failure
surface of concrete (Fig. 1). When the principal stress components
of concrete are in biaxial compression zone, the response of the
concrete is modeled by an elastic–plastic theory with an associated
Fig. 1. Concrete failure surface in plane stress.
flow and an isotropic hardening rule. When the principal stress
components of concrete are in biaxial tension zone or in biaxial
tension–compression zone, cracking of concrete is defined to occur
by the crack detection surface. Once cracking of concrete takes
place, the orientation of the crack is stored. Damaged elasticity is
then used to model the existing crack [19].

When plastic deformation occurs, there should be a certain
parameter to guide the expansion of the yield surface. A commonly
used approach is to relate the multidimensional stress and strain
conditions to a pair of quantities, namely, the effective stress rc

and effective strain ec, such that results obtained following differ-
ent loading paths can all be correlated by means of the equivalent
uniaxial stress–strain curve. The stress–strain relationship pro-
posed by Saenz [23] has been widely adopted as the uniaxial
stress–strain curve for concrete and it has the following form

rc ¼
Ecec

1þ ðRþ RE � 2Þ ec

eo

� �
� ð2R� 1Þ ec

eo

� �2

þ R
ec

eo

� �3 ð6Þ

where

R ¼ REðRr � 1Þ
ðRe � 1Þ2

� 1
Re
; RE ¼

Ec

Eo
; Eo ¼

f 0c
eo

and Rr = 4, Re = 4 will be used [24]. In the analysis, Eq. (6) is taken as
the equivalent uniaxial stress–strain curve for concrete and approx-
imated by several piecewise linear segments inputted to Abaqus.

When cracking of concrete takes place, a smeared model is used
to represent the discontinuous macro crack behavior. It is known
that the cracked concrete of a RC element can still carry some ten-
sile stress in the direction normal to the crack, which is termed
tension stiffening [20]. In this study, a simple descending line is
used to model this tension stiffening phenomenon (Fig. 2). The de-
fault value of the strain e⁄ at which the tension stiffening stress re-
duced to zero is [4]

e� ¼ 0:001 ð7Þ

During the post cracking stage, the cracked RC can still transfer
shear forces through aggregate interlock or shear friction, which is
termed shear retention. Assuming that the shear modulus of intact
concrete is Gc, then the reduced shear modulus bG of cracked con-
crete can be expressed as

bG ¼ lGc ð8Þ

l ¼ ð1� e=emaxÞ ð9Þ

where e is the strain normal to the crack direction and emax is the
strain at which the parameter l reduces to zero. Numerous analyt-
ical results have demonstrated that the particular value chosen for
l (between 0 and 1) does not appear to be critical but values greater
than zero are necessary to prevent numerical instabilities [23,25]. In
Fig. 2. Tension stiffening model.
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Abaqus, emax is usually assumed to be a very large value, i.e., l = 1
(full shear retention). In this investigation, the default values for
tension stiffening parameter e� ¼ 0:001 and for shear retention
parameter l = 1 are used.

2.3. Fiber-reinforced plastics

For FRP (Fig. 3), each lamina can be considered as an orthotropic
layer in a plane stress condition. It is well known that unidirec-
tional fibrous composites exhibit severe nonlinearity in their
in-plane shear stress–strain relation. In addition, deviation from
linearity is also observed with in-plane transverse loading but
the degree of nonlinearity is not comparable to that in the in-plane
shear [16]. Usually, this nonlinearity associated with the transverse
loading can be ignored [20]. To model the nonlinear in-plane shear
behavior, the nonlinear strain–stress relation for a composite lam-
ina suggested by Hahn and Tsai [17] is adopted as follows:

e1

e2

c12

8><
>:

9>=
>; ¼

1
E11

� m21
E22

0

� m12
E11

1
E22

0

0 0 1
G12

2
664

3
775

r1

r2

s12

8><
>:

9>=
>;þ S6666s2

12

0
0
s12

8><
>:

9>=
>; ð10Þ

In this model only one constant S6666 is required to account for
the in-plane shear nonlinearity. The value of S6666 can be deter-
mined by a curve fit to various off-axis tension test data [16]. Let
us define Dfr0g ¼ Dfr1;r2; s12gT and Dfe0g ¼ Dfe1; e2; c12g

T . Invert-
ing and differentiating Eq. (10), the incremental stress–strain rela-
tions are established

Dfr0g ¼ ½Q 01�Dfe0g ð11Þ

½Q 01� ¼

E11
1�m12m21

m12E22
1�m12m21

0
m21E11

1�m12m21

E22
1�m12m21

0

0 0 1
1=G12þ3S6666s2

12

2
6664

3
7775 ð12Þ

Furthermore, it is assumed that the transverse shear stresses
always behave linearly and do not affect the nonlinear behavior
of any in-plane shear. If we define Dfs0tg ¼ Dfs13; s23gT and
Dfc0tg ¼ Dfc13; c23g

T , the constitutive equations for transverse
shear stresses become

Dfs0tg ¼ ½Q
0
2�Dfc0tg ð13Þ

½Q 02� ¼
a1G13 0

0 a2G23

� �
ð14Þ

where a1 and a2 are the shear correction factors and are taken to be
0.83 in this study.
Fig. 3. Material, element and structure coordinates of fiber reinforced plastics.
Among existing failure criteria, the Tsai-Wu criterion [26] has
been extensively used in the literature and is adopted in this anal-
ysis. Under plane stress conditions, this failure criterion has the fol-
lowing form

F1r1 þ F2r2 þ F11r2
1 þ 2F12r1r2 þ F22r2

2 þ F66s2
12 ¼ 1 ð15Þ

with

F1 ¼
1
X
þ 1

X 0
; F2 ¼

1
Y
þ 1

Y 0
; F11 ¼

�1
XX0

; F22 ¼
�1
YY 0

; F66 ¼
1
S2
:

The X, Y and X 0, Y 0 are the lamina longitudinal and transverse
strengths in tension and compression, respectively, and S is the
shear strength of the lamina. Though the stress interaction term
F12 in Eq. (15) is difficult to be determined, it has been suggested
that F12 can be set equal to zero for practical engineering applica-
tions [27]. Therefore, F12 = 0 is used in this investigation.

During the numerical calculation, incremental loading is ap-
plied to composite plates until failures in one or more of individual
plies are indicated according to Eq. (15). Since the Tsai-Wu crite-
rion does not distinguish failure modes, the following two rules
are used to determine whether the ply failure is caused by resin
fracture or fiber breakage [28]:

(1) If a ply fails but the stress in the fiber direction remains less
than the uniaxial strength of the lamina in the fiber direc-
tion, i.e. X 0 < r1 < X, the ply failure is assumed to be resin
induced. As a result, the laminate loses its capability to sup-
port transverse and shear stresses, but remains to carry lon-
gitudinal stress. In this case, the constitutive matrix of the
lamina becomes
½Q 01� ¼
E11 0 0
0 0 0
0 0 0

2
64

3
75 ð16Þ
(2) If a ply fails with r1 exceeding the uniaxial strength of the
lamina, the ply failure is caused by the fiber breakage and
a total ply rupture is assumed. In this case, the constitutive
matrix of the lamina becomes
½Q 01� ¼
0 0 0
0 0 0
0 0 0

2
64

3
75 ð17Þ
During a FE analysis, the constitutive matrix of composite mate-
rials at the integration points of shell elements must be calculated
before the stiffness matrices are assembled from the element level
to the structural level. For composite materials, the incremental
constitutive equations of a lamina in the element coordinates (x,
y, z) can be written as:

Dfrg ¼ ½Q 1�Dfeg ð18Þ

Dfstg ¼ ½Q 2�Dfctg ð19Þ

where Dfrg ¼ Dfrx;ry; sxygT
; Dfsg ¼ Dfsxz; syzgT

;

Dfeg ¼ Dfex; ey; cxyg
T ; Dfcg ¼ Dfcxz; cyzg

T , and

½Q1� ¼ ½T1�T ½Q 01�½T1� ð20Þ

½Q2� ¼ ½T2�T ½Q 02�½T2� ð21Þ

½T1� ¼

cos2 h sin2 h sin h cos h

sin2 h cos2 h � sin h cos h

�2 sin h cos h 2 sin h cos h cos2 h� sin2 h

2
6664

3
7775 ð22Þ
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½T2� ¼
cos h sin h

� sin h cos h

� �
ð23Þ

The h is measured counterclockwise from the element local
x-axis to the material 1-axis (Fig. 5). Let D{eo} = D{exo, eyo, exyo}T be
the incremental in-plane strains at the mid-surface of the shell sec-
tion and D{j} = D{jx, jy, jxy}T the incremental curvatures. The
incremental inplane strains at a distance z from the mid-surface
of the shell section become

Dfeg ¼ Dfeog þ zDfjg ð24Þ

Let h be the total thickness of the composite shell section,
the incremental stress resultants, DfNg ¼ DfNx;Ny;NxygT

;

DfMg ¼ DfMx;My;MxygT and D{V} = D{Vx, Vy}T can be defined as

DfNg
DfMg
DfVg

8><
>:

9>=
>; ¼

Z h=2

�h=2

Dfrg
zDfrg
Dfstg

8><
>:

9>=
>;dz ð25Þ
Fig. 4. Mosallam–Mosalam specimens for reinforced concrete square plate [10].
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θ

Fig. 5. Boundary condition assumption for Mosallam–Mosalam specimens in FE
analysis.
Substituting Eqs. (18), (19) and (24) into the above expression,
one can obtain the stiffness matrix for the fiber composite laminate
shell at the integration point as

DfNg
DfMg
DfVg

8><
>:

9>=
>; ¼

Z h=2

�h=2

½Q 1� z½Q 1� ½0�
z½Q 1� z2½Q 1� ½0�
½0�T ½0�T ½Q 2�

2
64

3
75

Dfeog
Dfjg
Dfctg

8><
>:

9>=
>;dz ð26Þ

where [0] is a 3 by 2 null matrix.

3. Verification of the proposed material constitutive models

The validity of the material models for steel and FRP had been
verified individually by testing against experimental data [19,29]
and is not duplicated here. This section demonstrates the validity
of these material models to simulate the behavior of purely RC
plate and RC plate strengthened by FRP, respectively. In the numer-
ical analyses, the Newton stabilize method [19] in Abaqus was
used to carry out the nonlinear FE solutions. The method is appro-
priate for producing a stable result in the stiffened structure [30].

For verification purpose, two square RC plates tested by Mosal-
lam and Mosalam [10] were studied. As shown in Fig. 4, the clear
span of the plates in both directions is 264 cm with a constant
thickness of 76.2 mm. The plates were simply supported at the four
edges and were subjected to a uniform static pressure applied to the
bottom surface of the plates up to failure. The compressive strength
f 0c of concrete was 32.87 MPa. Both of the RC plates were fabricated
using Grade 60 reinforcing steel with the yielding strength ry

equals to 413.7 MPa. Tension (top) reinforcement consisted of #3
rebar (9.5 mm diameter) at 305 mm equal spacing in the two
orthogonal directions of each plate with 13 mm cover. While one
specimen was purely RC plate, the other specimen was strength-
ened by two FRP layers spaced at 457 mm and adhered to the top
side with their fiber directions oriented in the two orthogonal direc-
tions of the plate (Fig. 4). At the intersection regions of the stag-
gered unidirectional laminates, bidirectional fiber architecture, i.e.
[90/0/90/0] lamination layup, was formed. Each FRP layer was
0.58 mm in thickness with tensile strength X ¼ 1209 MPa and
modulus E11 ¼ 101 GPa. Due to limited experimental data, the fol-
lowing parameters were assumed: m12 = 0.3, X 0 ¼ �1209 MPa,
Y ¼ 12 MPa, Y 0 ¼ �12 MPa, S ¼ 12 MPa, E22 = 1 GPa, and G12 =
1 GPa. In addition, a maximum strain criterion, i.e. e1 6 0:008
[27], was used together with the Tsai-Wu criterion for FRP in this
numerical analysis.

The plates had two planes of symmetry. To reduce the cost of
analysis, only 1/4 portion of the plates were analyzed as shown
from hatch area in Fig. 5. Accordingly, symmetric boundary condi-
tions were placed along the two symmetric planes. The finite
element mesh had 25 reinforced concrete shell elements in total
(5 rows in each FRP strip direction) and eight-node quadrilateral
shell elements with reduced integration rule were used to model
the RC plates. The fiber-reinforced plastics were also modeled by
the eight-node quadrilateral shell elements with reduced integra-
tion rule. In the numerical analysis, it was assumed that there is
no slip between the steel, concrete, and FRP [18]. For plate
strengthened with FRP strips, 21 FRP shell elements were used.

Fig. 6 shows the total lateral force versus vertical displacement
at the center of the purely RC plate as well as the strengthened
plate. It can be observed that the correlations are very good
between numerical results and experimental data for both speci-
mens. For purely reinforced concrete plate, the predicted ultimate
load, 219.8 kN, is very close to the experimental result, 219.3 kN, so
the error percentage is only 0.23%. The predicted ultimate load for
strengthened plate is the same as the experimental data, 434.3 kN.
Those results confirm the proposed material constitutive models
are justified to be able to simulate the composite behavior of the



0 10 20 30 40 50 60 70 80
0

2

4

6

8

10

12

14

Displacement (mm)

To
ta

l l
at

er
al

 f
or

ce
 (

kN
)

Fig. 8. Load–displacement curve of RC square plates subjected to concentrated
load.

0 10 20 30 40 50 60 70 80 90
0

50

100

150

200

250

300

350

400

450

Displacement (mm)

To
ta

l l
at

er
al

 f
or

ce
 (

kN
)

RC Plate (EXP)
RC Plate (FEM)
Strengthening Plate (EXP)
Strengthening Plate (FEM)

Fig. 6. Load–displacement curves of RC square plates with and without FRP based
on Mossalam’s plate.

C. Lesmana et al. / Composites: Part B 55 (2013) 247–262 251
plates correctly. In addition, we can find that due to the contribu-
tion of FRP, the ultimate load of the reinforced concrete plate is sig-
nificantly increased by 98%. This proves the usefulness of FRP to
strengthen the RC structures.

4. Numerical analysis

The numerical models were generated similar with the plate’s
dimension of the experimental worked in Fig. 4. To evaluate vari-
ous factors that affect FRP as external reinforcement for RC plates,
four aspect factors of tensile strengthening were pointed out, i.e.:
location of FRP, percentage area of FRP to the plate, number of lay-
ers, and fiber angle of lamina. The numerical analyses also conduct
to observe some factors on matrix of composite plates, i.e.: con-
crete properties, steel reinforcement ratios, and subjected load
(a) Typ

(b) Typ

(c) Typ

4% 16% 36%

19% 36%

2% 8% 18%

Fig. 7. Strengthening types of c
(distributed load and concentrated load). In this analysis, the
strengthening patterns limited to three types as illustrated in
Fig. 7. Type 1 (Fig. 7a) is the composite plates with square shape
of FRP localized at center of the plate. Type 2 (Fig. 7b) is the com-
posite plates with FRP strip located along diagonal of plate. Type 3
(Fig. 7c) is the composite plates with diamond shape of FRP local-
ized at center of the plate.

To observe the effects of adhered FRP into load capacity of the
strengthened plates, each pattern was analyzed with different
cases of FRP ratio. FRP ratio (%FRP) calculates as the ratio between
the surface area of plate that adhered by FRP and the total area of
the RC plate. Five different FRP ratios as shown in Fig. 7 were elab-
orated for type 1 (4%, 16%, 36%, 64%, and 100%) and type 3 (2%, 8%,
18%, 32%, and 50%), whereas four cases were formed for type 2
(19%, 36%, 64%, and 84%). The analysis also generated in evaluating
e 1 

e 2 

e 3 

64% 100% 

64% 84% 

32% 50% 

omposite RC square plates.
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2 cases of layers, one FRP layer (n = 1) and two FRP layers (n = 2).
Five different combinations fiber orientations were considered,
i.e.: [0/0]n, [15/�15]n, [30/�30]n, [45/�45]n, and [90/0]n. The fiber
angle of the lamina is measured counterclockwise from the X-axis
CL

CL

C

Fig. 11. Crack pattern for composite square p
to the Y-axis. For the matrix, three variants of concrete properties,
25 MPa, 32.87 MPa, and 40 MPa, and two variants of steel rein-
forcement ratio, 0.0037 and 0.01, were examined.

Since X and Y axes (Fig. 5) are symmetric lines of the plate, only
a quarter of plate was modeled and symmetric boundary condi-
tions were placed along the two symmetric planes. The plates’
model was exhibited by 25 elements of eight-node quadrilateral
shell elements with six degrees of freedom per node while FRP
modeled by triangular and quadrilateral shell elements. The FRP
shell elements were attached to the tensile surface of the concrete
plate directly and perfect bonding between FRP and the concrete
was assumed.
4.1. Performance of RC square plate due to subjected load

The numerical analysis initiates with square plate’s simulation
of the pure RC. The purposes are to evaluate the capacity of the
plates in different types of loading. Two conditions are considered:
(1) plates that subjected to distributed load and (2) plates that sub-
jected to concentrated load. The plates are modeled with the iden-
tical dimension and boundary conditions that refer to Mosallam’s
experimental works [10]. Two loading pattern are considered, a
distributed load that uniformly distributed within entire plate
and an equivalent concentrated load at the center of the plates.
The results of applied total lateral forces from pure RC plates
become baseline for the strengthening cases.
L

CL

late strengthening by 100% FRP [90/0]2.
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Fig. 12. Type 1 comparison of load–displacement curves in different FRP thicknesses for each FRP ratios with f 0c ¼ 32:87 MPa, qs = 0.0037 and fiber orientation [90/0]n.
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Fig. 6 presents load–displacement curve for the RC plate sub-
jected to distributed load whereas Fig. 8 shows load–displacement
curve for the RC plate subjected to concentrated load. The
ultimate load for the plate subjected to concentrated load is
13.1 kN. This number is relatively small since only covers approx-
imately 6% from the ultimate load of the plate subjected to dis-
tributed load. It is observed in Fig. 9b that local failure only
occurs in few elements at the center near the located concen-
trated load. Once those elements are failed, the entire plate de-
tects as failure. On the other hand, more elements can work to
resist the load in the plate subjected to distributed load so that
higher total applied load can be resisted. The global failure occurs



0

1

2

3

4

5

θ

P u
/P

R
C

[0]2 [15/-15] [30/-30] [45/-45] [90/0]

ρ f
 = 0.002

ρ f
 = 0.004

ρ f
 = 0.005

ρ f
 = 0.007

ρ f
 = 0.009

0

1

2

3

4

5

θ

P u/P
R

C

[0]4 [15/-15]2 [30/-30]2 [45/-45]2 [90/0]2

ρ f
 = 0.004

ρ f
 = 0.007

ρ f
 = 0.011

ρ f
 = 0.015

ρ f
 = 0.018

0

1

2

3

4

5

θ

P
u/P

R
C

[0]2 [15/-15] [30/-30] [45/-45] [90/0]

ρ f
 = 0.002

ρ f
 = 0.004

ρ f
 = 0.005

ρ f
 = 0.007

ρ f
 = 0.009

0

1

2

3

4

5

θ

P
u/P

R
C

[0]4 [15/-15]2 [30/-30]2 [45/-45]2 [90/0]2

ρ f
 = 0.004

ρ f
 = 0.007

ρ f
 = 0.011

ρ f
 = 0.015

ρ f
 = 0.018

(a) Distributed load (b) Concentrated load 
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subsequently as many elements act simultaneously resisting the
load.

The crack patterns in Fig. 9 demonstrate 45� cracks perform
along diagonal of the plate. Comparing Fig. 9a and Fig. 9b, the plate
subjected to distributed load has more two directional cracks
rather than the plate subjected to concentrated load. This indicates
that many elements have fully utilized so that the plate is failed in
both directions. On the contrary, only few elements near the center
line have cracks in two directions for the plate subjected to concen-
trated load. This crack pattern can verify that the plate subjected to
concentrated load cannot act simultaneously resisting the load so
failure of few elements generates failure of the entire plate. There-
fore, the ultimate load for the plate subjected to concentrated load
is relatively small compare to the plate subjected to distributed
load.

4.2. The effect of FRP reinforcements in strengthening composite
square plates

This section reports the various factors that may affect the
composite plates. First, the plates were tested with three types of
strengthening patterns in different area percentage of FRP. The
aim is to observe the best location for adhered FRP that will be
utilize in further numerical analysis. The analysis continues in
examining sufficient FRP ratio within the subjected loading, stimu-
lating number of FRP layers and five combinations of angle lami-
nates. To evaluate the optimum strength of the composite plate,
load increment ratios (Pu/PRC) of the total lateral forces are dis-
cussed for each case of FRP ratio. PU is calculated as the maximum
value of the total lateral forces for the composite plates while PRC

is calculated as the maximum value of the total lateral forces for
the pure RC plate.

4.2.1. FRP locations
Fig. 10 illustrates how the modification of FRP shapes and ratios

can increase the total lateral load of the composite plates. The
similar amount of FRP ratio generates different results of strength-
ening if the shapes are modified. For plates subjected to distributed
load, type 3 gives smaller Pu/PRC than other two cases. The compos-
ite plates with 8% FRP in type 3 attain smaller load than 4% FRP in
type 1. Type 1 presents the best strengthening effect while type 3
offers the worst pattern results. Considering crack pattern in Fig. 9a
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for pure RC plate, totally 12 elements have two directional cracks.
By adhered 36% FRP ratio in type 1, FRPs have covered 75% ele-
ments that have two directional cracks, while 36% FRP ratios in
type 2 have covered only 42% of the total crack elements. The re-
sults indicate the more the FRPs attach to cover the possible crack
elements, the higher the results of the Pu/PRC. 50% FRP in type 3 has
covered most of the elements that have two directional cracks but
actually FRPs only cover half of elements, so that the composite
behavior cannot act simultaneously. Accordingly, the cracks still
generate a failure for the plates. In general, the Pu/PRC of type 1 is
slightly higher than type 2 and type 3.

For composite plates subjected to concentrated load, type 3 pre-
sents the best strengthening patterns in lower FRP ratios. Diamond
shape in type 3 can enveloped most of the two directional cracks
that illustrated in Fig. 9b with lower FRP ratio. However, sufficient
percentages of the FRP in type 1 and type 2 generate significant re-
sults for strengthened plates. If the plates have been adhered by
sufficient percentage of the FRP, Pu/PRC are hardly to be increased.
In general, all of the strengthened types produce excellent results
for composite plates subjected to concentrated load.

Fig. 11 illustrates the crack pattern for the composite plates that
fully adhered by FRP. Comparing Fig. 11a and Fig. 11b, the compos-
ite plate that subjected to distributed load appears to have more
two directional cracks. More cracks appeared show that most of
elements are reached their full strength in order to fully utilize
the overall composite behavior. Although the plate has been fully
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adhered by FRP, the crack pattern in Fig. 11b presents few crack
transformations compared to pure RC plate in Fig. 9b. Adding high-
er FRP ratios are inefficient for the plates subjected to concentrated
load since the plates only require sufficient FRP ratio around loca-
tion of the load.
4.2.2. FRP ratios
As the FRP ratios become higher, the average ultimate loads

tend to gradually higher. Adhered more FRP can increase the
capacity of the composite plates. However, the increment will
not significant increased as the sufficient FRPs have been adhered.
The results in Fig. 10 shows the composite plates subjected to dis-
tributed load can be increased three times the capacity of the pure
RC plate. The Pu/PRC of the strengthened plates depends not only on
location of FRPs attached but also on how much FRP adhered to the
plates. For lower FRP ratios in Fig. 12a 4% and 16%, the curves tend
to parallel with pure RC plate which indicate behaviors of the com-
posite plates are dominated by the concrete. In contrast, the curves
become more linear once more FRPs are adhered. These patterns
demonstrate that behaviors of the composite plates with higher
percentage of FRP ratios are controlled by the behavior of carbon
FRP. It is noted that the composition of the FRP should be designed
carefully to prevent member failure accordingly.
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Fig. 16. Type 1 comparison of load–displacement curves in different steel reinforcement ratio for f 0c ¼ 32:87 MPa and FRP fiber orientation [90/0]2.
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For the composite plates subjected to concentrated load, Figs. 10
and 12b show adding more FRP areas do not give significant in-
crease to the ultimate load. The maximum average load increment
ratio is 1.8. It is clearly shown in Fig. 10 that after the plates have
sufficient FRP ratios, adding more FRPs generate similar Pu/PRC. The
Pu/PRC significantly increases when FRP ratios are less than 16% for
type 1, 36% for type 2 and 8% for type 3. Taking type 1 in Fig. 12b as
examples, the ultimate loads for 4%, 16%, 36%, 64%, and 100% FRP
ratios are 26.2 kN, 31.5 kN, 32.7 kN, 34.1 kN, and 35 kN, respec-
tively. In this case, the composite plates that adhered 36% FRP have
been strengthened adequately. Concentrated load generates extre-
mely failure only in few elements, adding more FRP will not in-
crease the resistant of the composite plates. FRP ratios only affect
Pu/PRC until a certain limit of FRP. Local failure is occurred for the
plates subjected to concentrated load so that adhered plates with
bigger area of FRP will not increase the total applied load since only
few elements act simultaneously to resist the load. In addition,
engineers need to consider how to provide higher ultimate load
with minimum FRP material.
4.2.3. Number of FRP layers
Since type 1 provides better performance in strengthening pure

RC plates under both subjected loads, further numerical analyses
are only conducted for type 1. This section will examine the effect
FRP reinforcement using variation of number of FRP layers, one
layer [h1/h2]1 and two layers [h1/h2]2. Fig. 12 demonstrates more
FRP layers attain higher ultimate load. When the % FRPs are higher,
the effect of number of FRP layers on the ultimate loads will be
more significant until a certain limit. For examples, the relative dif-
ferences between ultimate loads for two layers and one layer are
9.06%, 16.45%, 31.52%, 54.57%, and 43.84% for distributed load,
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and 4.35%, 11.73%, 10.92%, 9.31%, and 9.56% for concentrated load.
Adhered another layers on the plates subjected to distributed load
will be more effective compare to the plates subjected to concen-
trated load. The similar trends can be found with the pervious
section that after 16% FRP, adhered more FRP reinforcement will
not construct significant increment of the ultimate loads. The in-
creased from one layer to two FRP layers for concentrated load
are smaller than for distributed load, which are the increased of
FRP layers on concentrated load can be until 12%, while the distrib-
uted load can reach until 55%.

Compared one layer and two layers in Fig. 12a and Fig. 12b, the
curves subjected to distributed loads become significant stiffer and
linear as the FRP ratios and number of layers increase, not like the
curves subjected to concentrated loads that the curves tend to be
stiff and linear from lower % FRP. Generally, similar trends can be
found from composite plates subjected to both loadings. Adhered
more layers are equal to adding more FRP reinforcement to com-
posite plates. More FRP reinforcement can strength composite
plates until some limit, after that limit more FRP reinforcement
will not give significant increment to the ultimate load.

4.2.4. Fiber orientations
Fig. 13a presents Pu/PRC versus five combinations of fiber orien-

tation for type 1 in different FRP reinforcement ratio (qf) for the
composite plates subjected to the distributed load, while Fig. 13b
for the composite plates subjected to the concentrated load. The
FRP reinforcement ratio can be derived as:

qf ¼
Af

bd
ð27Þ

where total area of FRP (Af) can be calculated from number of FRP
layers (nf), width of FRP (bf), and thickness of each FRP layer (tf),
as Af = nfbftf.

In general, standard deviations of the Pu/PRC for each qf are less
than 20%. Different combinations of fiber orientations present sim-
ilar results of Pu/PRC. The effect of fiber orientation to Pu/PRC is
greater for the composite plates subjected to distributed load
rather than the plates subjected to distributed load. Since fiber an-
gle orientation of laminates have small influences to the ultimate
loads, the combination of [0/0]n and [90/0]n are recommended
due to simple fabrication and installment.

Considering Fig. 14 and Fig. 15, nonlinear shear of FRP does not
appear significant results. For example in Fig. 14e, the curves for
[15/�15], [30/�30], and [45/�45] are roughly parallel with [0]2

and [90/0] that implicitly have no nonlinear shear effects. Owing
to the small failure shear strain of the composite plates, the mate-
rial nonlinearity of FRP in in-plane shear stress–strain relation does
not have too much influence to the behavior of the composite
square plates.

4.3. The effect of steel properties in strengthening composite square
plates

Fig. 16 illustrates the ultimate load will significantly increase
with the increasing of steel reinforcement ratio (qS). qS can be ex-
pressed as:

qs ¼
As

bd
ð28Þ

where As is total area of rebar, b is the width of the RC plates and d is
the equivalent depth of RC plates.

The higher the value of qS, the higher ultimate load and stiffer
curve can be obtained. Adding more steel in plates will construct
higher ultimate load but lower ductility in return. The curves be-
come more linear as the steel ratios become higher. If the plates
without FRP are compared with the plates with FRP, the signifi-
cant changed of the stiffness show only in lower steel reinforce-
ment ratio. As the ratios increase, the stiffness of the slabs with
and without FRP are became coincide. The results for the compos-
ite plates with 100% FRP and fiber orientation [90/0]2 as illus-
trated in Fig. 16 shows the plates with lower qS can be
strengthened more than two and half times of the original load,
while the plate with higher qS can be strengthened less than
two times of the original load. Fig. 17 also presents the Pu/PRC



Fig. 18. The effects of f 0c , qs, and qf on the overall behavior of the composite square plates with fiber orientation [90/0]2 (3D plots).

Table 1
Estimation increment of strengthened RC square plates subjected to both loadings.

Loading

Distributed load Concentrated load

f 0c (MPa)
25 Pu=PRC ¼ 1þ 176qf � 4qs � 802q2

f � 11;810qf qs Pu=PRC ¼ 1þ 64qf � 29qs � 1362q2
f � 435qf qs

32.87 Pu=PRC ¼ 1þ 78qf þ 30qs þ 3817q2
f � 11;100qf qs Pu=PRC ¼ 1þ 63qf � 39qs � 1712q2

f þ 455qf qs

40 Pu=PRC ¼ 1þ 123qf þ 6qs þ 1213q2
f � 10;420qf qs Pu=PRC ¼ 1þ 68qf � 5qs � 1212q2

f � 1314qf qs
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for qS = 0.0037 are greater than the Pu/PRC for qS = 0.01. FRP
strengthening is more effective for lower steel reinforcement ratio
(qS), since FRPs can become the replacement of the tensile
strength of the RC.
The Pu/PRC results of the plates with f 0c ¼ 32:87 MPa in Fig. 17 are
3 for qS = 0.0037 (distributed load), 1.7 for qS = 0.01 (distributed
load), 1.8 for qS = 0.0037 (concentrated load), and 1.7 for
qS = 0.01 (concentrated load). The relative differences from the



Table 3
The relationship between Pu/PRC and qf for strengthened RC square plates subjected to
distributed load in numerous of f 0c and qs.

qs

0.0037 0.0100

f 0c (MPa)
25 Pu/PRC = 1 + 63qf � 1362q2

f Pu/PRC = 1 + 60qf � 1362q2
f

32.87 Pu/PRC = 1 + 65qf � 1712q2
f Pu/PRC = 1 + 68qf � 1712q2

f

40 Pu/PRC = 1 + 63qf � 1212q2
f Pu/PRC = 1 + 55qf � 1212q2

f

Table 2
The relationship between Pu/PRC and qf for strengthened RC square plates subjected to
distributed load in numerous of f 0c and qs.

qs

0.0037 0.0100

f 0c (MPa)
25 Pu/PRC = 1 + 132qf � 802q2

f Pu/PRC = 1 + 58qf � 802q2
f

32.87 Pu/PRC = 1 + 37qf + 3817q2
f Pu/PRC = 1 � 33qf + 3817q2

f

40 Pu/PRC = 1 + 85qf + 1213q2
f Pu/PRC = 1 + 19qf + 1213q2

f
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variation of steel properties are 43.3% (distributed load) and 5.6%
(concentrated load). Compared to the plates subjected to concen-
trated load, the effects of steel properties are significant for the
plates subjected to distributed load.
4.4. The effect of concrete properties in strengthening composite
square plates

Fig. 17 illustrates some plots for composite plates with 100%
FRP and fiber orientation [90/0]2. The standard deviations for vari-
ations of the concrete properties are 3.67% (qS = 0.0037 distributed
load), 4.16% (qS = 0.01 distributed load), 7.09% (qS = 0.0037 concen-
trated load), and 5.89% (qS = 0.01 concentrated load). The results of
standard deviation that less than 10% show the variation of con-
crete properties generate small influence to the Pu/PRC of the com-
posite plates.

The actual PRC results for the plates subjected to distributed load
are 214 kN (qS = 0.0037; f 0c ¼ 25 MPa), 219 kN (qS = 0.0037;
f 0c ¼ 32:87 MPa), and 240 kN (qS = 0.0037; f 0c ¼ 40 MPa). The actual
PU results for the plates subjected to distributed load are 655 kN
(qS = 0.0037; f 0c ¼ 25 MPa), 659 kN (qS = 0.0037; f 0c ¼ 32:87 MPa),
and 719 kN (qS = 0.0037; f 0c ¼ 40 MPa). The results from Fig. 17
for the composite plates under different conditions are similar.
The actual PRC and PU increase with the increasing of f 0c . However,
Pu/PRC decreases with the increasing of f 0c . The effect of concrete
strength is more pronounced in the pure RC plates rather than
the composite plates.
4.5. General behavior of the strengthened square plates

To predict the increment of the ultimate load capacities of the
square reinforced concrete plates strengthened by FRPs, empirical
equations are proposed based on the numerical results. Fig. 18
presents the curves fitting for composite plates subjected to both
loadings. The curves fitting are associated to FRP reinforcement
ratio (qf), steel reinforcement ratio (qS) and the load increment
ratio (Pu/PRC) for composite plates in various concrete properties
(f 0c).

The approach between Pu/PRC and qf are represented as qua-
dratic equation, while Pu/PRC and qS are represented as linear
equation. The standard error of estimate (SEE) and coefficient of
determination (R-square) are used to measure agreement
between numerical results and predicted values. A SEE of 0 and
R-square of 1 indicate that the fitting perfectly fits the data. For
composite plates subjected to distributed load, SEE is 0.21 and
R-square is 0.97 for 25 MPa, SEE is 0.67 and R-square is 0.88 for
32.87 MPa, and SEE is 0.60 and R-square is 0.89 for 40 MPa. The
fitting can predict the ultimate load capacities perfectly fit the
numerical data.

The equations in Table 1 are generated from three dimensional
fitting of qf, qS and Pu/PRC from the plates that strengthened by [90/
0]2 FRP. If the values of qS = 0.0037 and qS = 0.01 are included, then
the equations can be seen in Table 2 for the plates subjected to dis-
tributed load and Table 3 for the plates subjected to concentrated
load. The illustrations of those equations are presented in Fig 19. It
is clearly shown from the figure that the curves for qS = 0.0037 are
stiffer than the curves for qS = 0.01. These curves show that the
strengthening effect is more significant for RC plates under lower
steel reinforcement ratio. However, Fig. 19b for composite plates
subjected to concentrated load shows that the curves for
qS = 0.0037 and the curves for qS = 0.01 are almost parallel, but
as the concrete properties become lower, the curves become more
coincide. Similar with the composite plates subjected to distrib-
uted load, the strengthening effect is more significant for the plates
under lower qS. Those curve plots shows good agreement between
numerical results of composite plates subjected to concentrated
load and predicted values of the load increment ratio.
5. Conclusions

A rational numerical model that considers appropriate constitu-
tive models has been developed to analyze the reinforced concrete
plates strengthened by FRP. The behavior of RC plate and strength-
ened plate are predicted accurately against the experimental data.
The trends of composite plates subjected to distributed load or
concentrated load are similar but the ultimate loads are signifi-
cantly reduced for the plates subjected to concentrated load. In
principal, the more FRP are adhered to the composite plates, the
higher stiffness and ultimate load capacity can be obtained. How-
ever, the significant increment cannot be achieved if all elements
that contain two directional cracks have been covered by FRPs.
Owing to the small failure shear strain of the composite plates,
the material nonlinearity of FRP in in-plane shear stress–strain
relation does not have too much influence in the behavior of the
composite square plates. The fiber orientation of lamina appears
only give a little influence to some cases of FRP ratios, thus, combi-
nation of laminates can be assumed to be generalized to simplify
the calculation. Increasing number of layers is equal to adding
more FRP reinforcement to composite plates. More FRP reinforce-
ment can strength composite plates until some limit, after that
limit more FRP reinforcement will not give significant increment
to the ultimate load. Concrete properties offer small outcome to
the composite plates. Capacity of the composite plates has signifi-
cant results if more FRP reinforcement is adhered on smaller steel
reinforcement ratio RC plates. Finally, the sensitivity studies have
been presented to observe the ultimate capacities of the square
reinforced concrete plates strengthened by two layer carbon FRP.
The detail design should be analyzed carefully before the FRP ap-
plied in engineering practices.
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