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Free vibration analyses of laminated curved panels with central circular cutouts and subjected to axial
compressive forces are carried out by employing the Abaqus finite element program. The fundamental
frequencies of these composite laminated curved panels with a given material system are then maxi-
mized with respect to fiber orientations by using the golden section method. Through parametric studies,
the significant influences of the panel aspect ratio, the panel curvature, the cutout size and the compres-
sive force on the maximum fundamental frequencies, the optimal fiber orientations and the associated
fundamental vibration modes of these panels are demonstrated and discussed.
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1. Introduction formed in this investigation. The optimization scheme used in this
The applications of fiber-composite laminate materials to aero-
space industrial such as spacecraft, high-speed aircraft and satellite
have increased rapidly in recent years. The most major compo-
nents of the aerospace structures are frequently made of curved
panels with cutouts and subjected to various kinds of compressive
forces. Therefore, knowledge of the dynamic characteristics of
composite laminated curved panels with cutouts in compression,
such as their fundamental natural frequency, is essential.

The fundamental natural frequency of composite laminated
curved panels highly depends on the ply orientations [1–9], geom-
etries [2,3,6–9], cutouts [6,9–15] and compressive forces [9,16–19].
Therefore, proper selection of appropriate lamination to maximize
the fundamental frequency of composite laminated curved panels
with central cutout in compression becomes a crucial problem
[4,20–22].

Research on the subject of structural optimization has been
reported by many investigators [23] and has been widely em-
ployed to study the dynamic behavior of composite structures
[6,7–9,12,21,22,24,25]. Among various optimization schemes, the
golden section method is a simple technique and can be easily pro-
grammed for solution on the computer [26,27]. Up to now, most of
the investigations are dealt with the frequency optimization for
structural components with no initial stress. Only little research
has been done on the frequency optimization for structural
components with initial stress [28], not to mention the structural
components with cutouts. To fill the gap, maximization of the
fundamental natural frequency of simply supported composite
laminated curved panels with cutout and in compression is per-
ll rights reserved.

.

study is the golden section method. The fundamental frequencies
of the composite laminated curved panels are calculated by using
the Abaqus finite element program [29]. In the paper, the constitu-
tive equations for fiber-composite laminae, vibration analysis and
golden section method are briefly reviewed. The influences of the
panel aspect ratio, the panel curvature, the cutout size and the
compressive force on the maximum fundamental natural frequen-
cies, the optimal fiber orientations and the associated fundamental
vibration modes of the laminated curved panels are presented and
important conclusions obtained from the study are given.

2. Constitutive matrix for fiber-composite laminae

In the finite element analysis, the laminated cylindrical shells
are modeled by eight-node isoparametric shell elements with six
degrees of freedom per node (three displacements and three
rotations). The reduced integration rule together with hourglass
stiffness control is employed to formulate the element stiffness
matrix [29].

During the analysis, the constitutive matrices of composite
materials at element integration points must be calculated before
the stiffness matrices are assembled from element level to
global level. For fiber-composite laminate materials, each lamina
can be considered as an orthotropic layer. Let {r} = {rx, ry, sxy}T,
{s} = {sxz, syz}T, {e} = {ex, ey, cxy}T and {c} = {cxz, cyz}T be the stresses
and strains in the element coordinates (x,y,z) as shown in Fig. 1.
The constitutive equations for the lamina at an element integration
point can be written as:
frg ¼ ½T1�T½Q 01�½T1�feg ¼ ½Q 1�feg; fsg ¼ ½T2�T½Q 02�½T2�fcg ¼ ½Q2�fcg
ð1Þ
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Fig. 2. The golden section method.

Fig. 1. Material, element and structure coordinates of fiber-composite laminated
curved panel.
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The a1 and a2 in Eq. (2) are shear correction factors, which are
calculated in Abaqus by assuming that the transverse shear energy
through the thickness of laminate is equal to that in unidirectional
bending [29,30]. The fiber orientation h in Eq. (3) is measured
counterclockwise from the element local x-axis to the material
1-axis (Fig. 1).

Let {e}o = {exo, eyo, exyo}T be the in-plane strains at the mid-surface
of the laminate section, {j} = {jx, jy, jxy}T the curvatures, and h
the total thickness of the section. If there are n layers in the
laminate section, the stress resultants, {N} = {Nx, Ny, Nxy}T, {M}
= {Mx, My, Mxy}T and {V} = {Vx, Vy}T, can be defined as
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The zjt and zjb are the distance from the mid-surface of the
section to the top and the bottom of the jth layer respectively.
The [0] is a 3 by 2 matrix with all the coefficients equal to zero.
3. Vibration analysis

For the free vibration analysis of an undamped structure
subjected to initial stresses, the equation of motion of the structure
can be written in the following form [31]:

½M�f€Dg þ ð½K�L þ ½K�rÞfDg ¼ f0g ð5Þ

where {D} is a vector for the unrestrained nodal degrees of free-
doms, f€Dg an acceleration vector, [M] the mass matrix of the struc-
ture, [KL] the traditional linear stiffness matrix of the structure, [Kr]
a geometric stress stiffness matrix due to the initial stresses and {0}
a zero vector. Since {D} undergoes harmonic motion, we can express

fDg ¼ fDg sin xt; f€Dg ¼ �x2fDg sin xt ð6Þ

where fDg vector contains the amplitudes of {D} vector. Then Eq. (5)
can be written in an eigenvalue expression as

ð½KL� þ ½Kr� �x2½M�ÞfDg ¼ f0g ð7Þ

The preceding equation is an eigenvalue expression. If fDg is not
a zero vector, we must have

½KL� þ ½Kr� �x2½M��
�� �� ¼ 0 ð8Þ

In Abaqus, a subspace iteration procedure [29] is used to solve
for the natural frequency x, and the eigenvectors (or vibration
modes) fDg. The obtained smallest natural frequency (fundamen-
tal frequency) is then the objective function for maximization.

4. Golden section method

We begin by presenting the golden section method [26,27] for
determining the minimum of the unimodal function F, which is a
function of the independent variable X. It is assumed that lower
bound XL and upper bound XU on X are known and the minimum
can be bracketed (Fig. 2). In addition, we assume that the function
has been evaluated at both bounds and the corresponding values
are FL and FU. Now we can pick up two intermediate points X1

and X2 such that X1 < X2 and evaluate the function at these two
points to provide F1 and F2. Because F1 is greater than F2, now X1

forms a new lower bound and we have a new set of bounds, X1

and XU. We can now select an additional point, X3, for which we
evaluate F3. It is clear that F3 is greater than F2, so X3 replace XU



Fig. 3. Geometry of simply supported laminated curved panel with central circular cutout.

Fig. 4. Effect of cutout size and in-plane compressive force on optimal fiber angle of [±h/90/0]2s simply supported laminated curved panels with central circular cutout
(b = 10 cm, a/b = 1, / = 5�).
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as the new upper bound. Repeating this process, we can narrow the
bounds to whatever tolerance is desired.

To determine the method for choosing the interior points
X1,X2,X3, . . ., we pick the values of X1 and X2 to be symmetric about
the center of the interval and satisfying the following expressions:

XU � X2 ¼ X1 � XL ð9Þ
X1 � XL

XU � XL
¼ X2 � X1

XU � X1
ð10Þ

Let s be a number between 0 and 1. We can define the interior
points X1 and X2 to be
X1 ¼ ð1� sÞXL þ sXU ð11aÞ
X2 ¼ sXL þ ð1� sÞXU ð11bÞ

Substituting Eqs. (11a) and (11b) into Eq. (10), we obtain

s2 � 3sþ 1 ¼ 0 ð12Þ

Solving the above equation, we obtain s = 0.38197. The ratio
(1 � s)/s = 1.61803 is the famous ‘‘golden section’’ number. For a
problem involving the estimation of the maximum of a one-
variable function F, we need only minimize the negative of the
function, that is, minimize �F.



Fig. 5. Effect of cutout size and in-plane compressive force on optimal fundamental frequency of [±h/90/0]2s simply supported laminated curved panels with central circular
cutout (b = 10 cm, a/b = 1, / = 5�).

Fig. 6. Fundamental vibration modes of [±h/90/0]2s simply supported laminated curved panels with central circular cutout and under optimal fiber angles (b = 10 cm, a/b = 1,
/ = 5�).
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5. Numerical analysis

The accuracy of the eight-node shell element in Abaqus pro-
gram for frequency analysis has been verified by the authors
[9,32] and good agreements are obtained between the numerical
results and the analytical solution or experimental data. Hence, it
is confirmed that the accuracy of the shell element in Abaqus pro-
gram is good enough to analyze the vibration behavior of lami-
nated curved panels.

In the following sections, simply supported laminated curved
panels with central circular cutouts and subjected to various axial



Fig. 7. Effect of cutout size and in-plane compressive force on optimal fiber angle of [±h/90/0]2s simply supported laminated curved panels with central circular cutout
(b = 10 cm, a/b = 1, / = 60�).

Fig. 8. Effect of cutout size and in-plane compressive force on optimal fundamental frequency of [±h/90/0]2s simply supported laminated curved panels with central circular
cutout (b = 10 cm, a/b = 1, / = 60�).
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compressive forces N are considered (Fig. 3). The simply supported
boundary condition prevents out of plane displacement w, but
allows in-plane movements u and v. The meshes selected for the
finite element analysis are based on the convergent studies per-
formed by the author [32] and no symmetry simplifications are
made for those laminated curved panels. In the analyses, the width
b of the curved panel is equal to 10 cm. The cutout size d varies
from 0 to 8 cm. The circular angle / varies from 5� to 120�. To study
the influence of axial compressive force on the results of optimiza-
tion, N = 0, 0.2Ncr, 0.4Ncr, 0.6Ncr, and 0.8Ncr, are selected, where Ncr

is the linearized critical buckling loads of the laminated curved
panels.

The lamina of the curved panels consists of Graphite/Epoxy and
material constitutive properties are taken from Crawley [1], which
are E11 = 128 GPa, E22 = 11 GPa, G23 = 1.53 GPa, G12 = G13 = 4.48
GPa, m12 = 0.25, and q = 1500 kg/m3. The thickness of each ply is
0.125 mm and the laminate layup of the laminated curved panel
is [±h/90/0]2s.



Fig. 9. Fundamental vibration modes of [±h/90/0]2s simply supported laminated curved panels with central circular cutout and under optimal fiber angles (b = 10 cm, a/b = 1,
/ = 60�).

Fig. 10. Effect of cutout size and in-plane compressive force on optimal fiber angle of [±h/90/0]2s simply supported laminated curved panels with central circular cutout
(b = 10 cm, a/b = 1, / = 120�).

H.-T. Hu, H.-W. Peng / Composites: Part B 47 (2013) 8–25 13
5.1. Laminated curved panels with aspect ratio a/b = 1

5.1.1. Panels with circular angle / = 5�
In this section, the aspect ratio a/b of the laminated curved pan-

els is equal to 1 and the circular angle / is equal to 5�. To find the
optimal fiber angle h and the associated optimal fundamental fre-
quency x of each laminated curved panel, we can express the opti-
mization problem as:

Maximize : xðhÞ ð13aÞ

Subjected to : 0� 6 h 6 90� ð13bÞ



Fig. 11. Effect of cutout size and in-plane compressive force on optimal fundamental frequency of [±h/90/0]2s simply supported laminated curved panels with central circular
cutout (b = 10 cm, a/b = 1, / = 120�).

Fig. 12. Fundamental vibration modes of [±h/90/0]2s simply supported laminated curved panels with central circular cutout and under optimal fiber angles (b = 10 cm, a/b = 1,
/ = 120�).

14 H.-T. Hu, H.-W. Peng / Composites: Part B 47 (2013) 8–25
Before the golden section method is carried out, the fundamental
frequency x of the laminated curved panel is calculated by employ-
ing the Abaqus finite element program for every 10� increment in h
angle to locate the maximum point approximately. Then proper
upper and lower bounds are selected and the golden section method
is performed. The optimization process is terminated when an abso-
lute tolerance (the difference of the two intermediate points be-
tween the upper bound and the lower bound) Dh 6 0.5� is reached.

Fig. 4a shows a three dimensional plot of the optimal fiber angle
hopt versus d/b and N/Ncr for [ ± h/90/0]2s laminated curved panel



Fig. 13. Effect of cutout size and in-plane compressive force on optimal fiber angle of [±h/90/0]2s simply supported laminated curved panels with central circular cutout
(b = 10 cm, a/b = 2, / = 5�).

Fig. 14. Effect of cutout size and in-plane compressive force on optimal fundamental frequency of [±h/90/0]2s simply supported laminated curved panels with central circular
cutout (b = 10 cm, a/b = 2, / = 5�).
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with aspect ratio a/b = 1 and / = 5�. Fig. 4b and Fig. 4c show the
same plot as Fig. 4a, but projected into two dimensional planes
with different viewpoints. From these figures, we can see that
the optimal fiber angles are very close to 45� for all the panels
and seem not sensitive to the cutout size and axial compressive
force.

Fig. 5a shows the associated optimal fundamental frequency
xopt versus d/b and N/Ncr. Again, Fig. 5b and Fig. 5c show the same
plot as Fig. 5a, but projected into two dimensional planes. From
these figures, we can see that the optimal fundamental frequency
increases with the increasing of the cutout size. This is because a pa-
nel with a large cutout is more like four stubby panels. As a conse-
quence, one could expect frequencies to increase with d/b ratio.
This phenomenon has also been found by other investigators [6,8–
12]. In addition, we can observe that the optimal fundamental fre-
quency decreases with the increasing of the axial compressive force.

Fig. 6 shows the fundamental vibration modes of the typical
laminated curved panels under optimal fiber angle conditions. It



Fig. 15. Fundamental vibration modes of [±h/90/0]2s simply supported laminated curved panels with central circular cutout and under optimal fiber angles (b = 10 cm, a/b = 2,
/ = 5�).

Fig. 16. Effect of cutout size and in-plane compressive force on optimal fiber angle of [±h/90/0]2s simply supported laminated curved panels with central circular cutout
(b = 10 cm, a/b = 2, / = 60�).
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can be seen that all panels vibrate into a half sine wave in both lon-
gitudinal and circumferential directions.

5.1.2. Panels with circular angle / = 60�
In this section, the aspect ratio a/b of the laminated curved pan-

els is still equal to 1 but the circular angle / is changed to 60�. Fig. 7
shows the influence of the cut size and axial compressive force on
the optimal fiber angle of these panels. Comparing Fig. 7 with
Fig. 4, we can observe that when the curvatures of these panels
are increased, the optimal fiber angles are significantly influenced
by the cutout size and axial compressive force.

Fig. 8 shows the influence of the cut size and axial compressive
force on the optimal fundamental frequency of these panels. It
shows the similar trend as Fig. 5, i.e. the optimal fundamental fre-
quency increases with the increasing of the cutout size and de-
creases with the increasing of the axial compressive force.



Fig. 17. Effect of cutout size and in-plane compressive force on optimal fundamental frequency of [±h/90/0]2s simply supported laminated curved panels with central circular
cutout (b = 10 cm, a/b = 2, / = 60�).

Fig. 18. Fundamental vibration modes of [±h/90/0]2s simply supported laminated curved panels with central circular cutout and under optimal fiber angles (b = 10 cm, a/b = 2,
/ = 60�).
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However, we can notice that the optimal fundamental frequencies
of laminated curved panels with large curvatures (Fig. 8) are higher
than those with small curvatures (Fig. 5).

Fig. 9 shows the fundamental vibration modes of the typical
laminated curved panels under optimal fiber angle condition.
Again, all panels vibrate into a half sine wave in both longitudinal
and circumferential directions.
5.1.3. Panels with circular angle / = 120�
In this section, the aspect ratio a/b of the laminated curved pan-

els is still equal to 1 but the circular angle / is changed to 120�.
Fig. 10 shows the influence of the cut size and axial compressive
force on the optimal fiber angle of these panels. Comparing
Fig. 10 with Figs. 7 and 4, we can conclude that when the curva-
tures of laminated curved panels are large, the optimal fiber angles



Fig. 19. Effect of cutout size and in-plane compressive force on optimal fiber angle of [±h/90/0]2s simply supported laminated curved panels with central circular cutout
(b = 10 cm, a/b = 2, / = 120�).

Fig. 20. Effect of cutout size and in-plane compressive force on optimal fundamental frequency of [±h/90/0]2s simply supported laminated curved panels with central circular
cutout (b = 10 cm, a/b = 2, / = 120�).
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are significantly influenced by the cutout size and axial compres-
sive force.

Fig. 11 shows the influence of the cut size and axial compressive
force on the optimal fundamental frequency of these panels. Com-
paring Fig. 11 with Figs. 8 and 5, we can conclude that the optimal
fundamental frequency usually increases with the increasing of the
cutout size and decreases with the increasing of the axial compres-
sive force. Also, the optimal fundamental frequencies of laminated
curved panels with large curvatures are higher than those with
small curvatures.

Fig. 12 shows the fundamental vibration modes of the typical
laminated curved panels under optimal fiber angle condition.
Again, all panels vibrate into a half sine wave in both longitudinal
and circumferential directions.



Fig. 21. Fundamental vibration modes of [±h/90/0]2s simply supported laminated curved panels with central circular cutout and under optimal fiber angles (b = 10 cm, a/b = 2,
/ = 120�).

Fig. 22. Effect of cutout size and in-plane compressive force on optimal fiber angle of [±h/90/0]2s simply supported laminated curved panels with central circular cutout
(b = 10 cm, a/b = 3, / = 5�).
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5.2. Laminated curved panels with aspect ratio a/b = 2

5.2.1. Panels with circular angle / = 5�
In this section, the laminated curved panels with aspect ratio

a/b = 2 and circular angle / = 5� are analyzed. Fig. 13 shows the
influence of the cut size and axial compressive force on the optimal
fiber angle of these panels. Comparing Fig. 13 with Fig. 4, we can
observe that when the aspect ratios of these panels are increased,
the optimal fiber angles are significantly influenced by the cutout
size and axial compressive force.



Fig. 23. Effect of cutout size and in-plane compressive force on optimal fundamental frequency of [±h/90/0]2s simply supported laminated curved panels with central circular
cutout (b = 10 cm, a/b = 3, / = 5�).

Fig. 24. Fundamental vibration modes of [±h/90/0]2s simply supported laminated curved panels with central circular cutout and under optimal fiber angles (b = 10 cm, a/b = 3,
/ = 5�).
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Fig. 14 shows the influence of the cut size and axial compres-
sive force on the optimal fundamental frequency of these panels.
It shows that the optimal fundamental frequency initially de-
creases with the increasing of the cutout size. However, after a
certain size of cutout has been reached, the optimal fundamental
frequency starts to increases with the increasing of the cutout
size. On the other hand, the optimal fundamental frequency still
decreases with the increasing of the axial compressive force.
Comparing Fig. 14 with Fig. 5, we can observe that the optimal
fundamental frequencies of laminated curved panels with large



Fig. 25. Effect of cutout size and in-plane compressive force on optimal fiber angle of [±h/90/0]2s simply supported laminated curved panels with central circular cutout
(b = 10 cm, a/b = 3, / = 60�).

Fig. 26. Effect of cutout size and in-plane compressive force on optimal fundamental frequency of [±h/90/0]2s simply supported laminated curved panels with central circular
cutout (b = 10 cm, a/b = 3, / = 60�).
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aspect ratios (Fig. 14) are lower than those with small curvatures
(Fig. 5).

Fig. 15 shows the fundamental vibration modes of the typical
laminated curved panels under optimal fiber angle condition. It
can be seen that most of the panels vibrate into a half sine wave
in both longitudinal and circumferential directions. However, for
panel with no cutout and subjected to high compressive force
(say N = 0.8Ncr), its vibration mode may have two half sine waves
in the longitudinal direction.

5.2.2. Panels with circular angle / = 60�
In this section, the laminated curved panels with aspect ratio

a/b = 2 and circular angle / = 60� are analyzed. Fig. 16 shows the
influence of the cut size and axial compressive force on the optimal



Fig. 27. Fundamental vibration modes of [±h/90/0]2s simply supported laminated curved panels with central circular cutout and under optimal fiber angles (b = 10 cm, a/b = 3,
/ = 60�).
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fiber angle of these panels. Comparing Fig. 16 with Figs. 13 and 7,
we can observe that the optimal fiber angles are significantly influ-
enced by the cutout size, axial compressive force, curvature and as-
pect ratio of the laminated curved panels.

Fig. 17 shows the influence of the cut size and axial compressive
force on the optimal fundamental frequency of these panels. It shows
that the optimal fundamental frequency increases with the increas-
ing of the cutout size and decreases with the increasing of the axial
compressive force. Comparing Fig. 17 with Fig. 8, we can confirm that
the optimal fundamental frequencies of laminated curved panels
with large aspect ratios are lower than those with small aspect ratio.
Comparing Fig. 17 with Fig. 14, we can confirm that the optimal fun-
damental frequencies of laminated curved panels with large curva-
tures are higher than those with small curvatures.

Fig. 18 shows the fundamental vibration modes of the typical
laminated curved panels under optimal fiber angle condition. It
can be seen that all of the panels vibrate into a half sine wave in
both longitudinal and circumferential directions.
5.2.3. Panels with circular angle / = 120�
In this section, the laminated curved panels with aspect ratio

a/b = 2 and circular angle / = 120� are analyzed. Fig. 19 shows
the influence of the cut size and axial compressive force on the
optimal fiber angle of these panels. Comparing Fig. 19 with Figs. 16,
13 and 10, we can observe again that the optimal fiber angles are
significantly influenced by the cutout size, axial compressive force,
curvature and aspect ratio of the laminated curved panels.

Fig. 20 shows the influence of the cut size and axial compressive
force on the optimal fundamental frequency of these panels. It
shows the similar trend as before. Comparing Fig. 20 with
Fig. 11, we can reconfirm that the optimal fundamental frequencies
of laminated curved panels with large aspect ratios are lower than
those with small aspect ratio. Comparing Fig. 20 with Figs. 17 and
14, we can reconfirm that the optimal fundamental frequencies of
laminated curved panels with large curvatures are higher than
those with small curvatures.

Fig. 21 shows the fundamental vibration modes of the typical
laminated curved panels under optimal fiber angle condition. It
can be seen that all of the panels vibrate into a half sine wave in
both longitudinal and circumferential directions.

5.3. Laminated curved panels with aspect ratio a/b = 3

5.3.1. Panels with circular angle / = 5�
In this section, the laminated curved panels with aspect ratio

a/b = 3 and circular angle / = 5� are analyzed. Fig. 22 shows the
influence of the cut size and axial compressive force on the optimal
fiber angle of these panels. Comparing Fig. 22 with Figs. 13 and 4,
we can observe again that when the aspect ratios of these panels
are increased, the optimal fiber angles are significantly influenced
by the cutout size and axial compressive force.

Fig. 23 shows the influence of the cut size and axial compressive
force on the optimal fundamental frequency of these panels. It shows
similar trend as Fig. 14. The optimal fundamental frequency initially
decreases with the increasing of the cutout size. However, after a cer-
tain size of cutout has been reached, the optimal fundamental fre-
quency starts to increases with the increasing of the cutout size.
On the other hand, the optimal fundamental frequency still de-
creases with the increasing of the axial compressive force. Compar-
ing Fig. 23 with Figs. 14 and 5, we can conclude that the optimal
fundamental frequencies of laminated curved panels with large as-
pect ratios are lower than those with small curvatures.

Fig. 24 shows the fundamental vibration modes of the typical
laminated curved panels under optimal fiber angle condition. It
can be seen that most of the panels vibrate into a half sine wave
in both longitudinal and circumferential directions. However, for
panels with or without cutout and subjected to high compressive
force (say N = 0.8Ncr), their vibration modes may have three half
sine waves in the longitudinal direction.



Fig. 28. Effect of cutout size and in-plane compressive force on optimal fiber angle of [±h/90/0]2s simply supported laminated curved panels with central circular cutout
(b = 10 cm, a/b = 3, / = 120�).

H.-T. Hu, H.-W. Peng / Composites: Part B 47 (2013) 8–25 23
5.3.2. Panels with circular angle / = 60�
In this section, the laminated curved panels with aspect ratio

a/b = 3 and circular angle / = 60� are analyzed. Fig. 25 shows the
influence of the cut size and axial compressive force on the optimal
fiber angle of these panels. Comparing Fig. 25 with Figs. 16, 7 and
22, we can observe that the optimal fiber angles are significantly
influenced by the cutout size, axial compressive force, curvature
and aspect ratio of the laminated curved panels.
Fig. 29. Effect of cutout size and in-plane compressive force on optimal fundamental freq
cutout (b = 10 cm, a/b = 3, / = 120�).
Fig. 26 shows the influence of the cut size and axial compressive
force on the optimal fundamental frequency of these panels. It
shows that the optimal fundamental frequency increases with
the increasing of the cutout size and decreases with the increasing
of the axial compressive force. Comparing Fig. 26 with Figs. 17 and
8, we can confirm that the optimal fundamental frequencies of
laminated curved panels with large aspect ratios are lower than
those with small aspect ratio. Comparing Fig. 26 with Fig. 23, we
uency of [±h/90/0]2s simply supported laminated curved panels with central circular
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/ = 120�).
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can confirm that the optimal fundamental frequencies of lami-
nated curved panels with large curvatures are higher than those
with small curvatures.

Fig. 27 shows the fundamental vibration modes of the typical
laminated curved panels under optimal fiber angle condition. It
can be seen that all of the panels vibrate into a half sine wave in
both longitudinal and circumferential directions.

5.3.3. Panels with circular angle / = 120�
In this section, the laminated curved panels with aspect ratio

a/b = 3 and circular angle / = 120� are analyzed. Fig. 28 shows
the influence of the cut size and axial compressive force on the
optimal fiber angle of these panels. Comparing Fig. 28 with Figs. 25,
22, 19 and 10, we can conclude that the optimal fiber angles are
significantly influenced by the cutout size, axial compressive force,
curvature and aspect ratio of the laminated curved panels.

Fig. 29 shows the influence of the cut size and axial compressive
force on the optimal fundamental frequency of these panels. It
shows the similar trend as before. Comparing Fig. 29 with Fig. 20
and 11, we can conclude that the optimal fundamental frequencies
of laminated curved panels with large aspect ratios are lower than
those with small aspect ratio. Comparing Fig. 29 with Figs. 26 and
23, we can conclude that the optimal fundamental frequencies of
laminated curved panels with large curvatures are higher than
those with small curvatures.

Fig. 30 shows the fundamental vibration modes of the typical
laminated curved panels under optimal fiber angle condition. It
can be seen that all of the panels vibrate into a half sine wave in
both longitudinal and circumferential directions.
6. Conclusions

Based on the numerical results of this investigation, the follow-
ing specific conclusions may be drawn:
1. The optimal fiber angles of laminated curved panels are signif-
icantly influenced by the cutout size, axial compressive force,
curvature and aspect ratio. However, for laminated curved pan-
els with small aspect ratio (say a/b = 1) and small curvature (say
/ = 5�), the optimal fiber angles are not sensitive to the cutout
size and axial compressive force.

2. The optimal fundamental frequency of laminated curved panels
usually increases with the increasing of the cutout size. How-
ever, for laminated curved panels with large aspect ratio (say
a/b P 2) and small curvature (say / = 5�), the optimal funda-
mental frequency initially decreases with the increasing of the
cutout size. After a certain size of cutout has been reached,
the optimal fundamental frequency starts to increases with
the increasing of the cutout size.

3. The optimal fundamental frequency of laminated curved panels
decreases with the increasing of the axial compressive force.

4. The optimal fundamental frequencies of laminated curved pan-
els with large aspect ratios are lower than those with small
aspect ratios.

5. The optimal fundamental frequencies of laminated curved pan-
els with large curvatures are higher than those with small
curvatures.

6. Under the optimal fiber angle conditions, the laminated curved
panels with or without cutouts usually vibrate into a half sine
wave in both longitudinal and circumferential directions. How-
ever, for panels with small curvature (say / = 5�), large aspect
ratio (say a/b P 2) and subjected to high compressive force
(say N = 0.8Ncr), their vibration modes may have more half sine
waves in the longitudinal direction.

This study investigates the influences of the panel aspect ratio,
the panel curvature, the cutout size and the compressive force on
the maximum fundamental natural frequencies, the optimal fiber
orientations and the associated fundamental vibration modes of
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the laminated curved panels with [±h/90/0]2s laminated layup. All
the results are presented by the dimensionless quantities, such as
a/b, d/b and N/Ncr. Thus, they can be applicable to the panels with
other sizes and different initial stress levels but limited to the
lamination [±h/90/0]2s.
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