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Abstract

The buckling resistance of symmetrically laminated
plates with a given material system and subjected to
uniaxial compression is maximized with respect to fiber
orientations by using a sequential linear programming
method together with a simple move-limit strategy.
Significant influence of plate thicknesses, aspect ratios,
central circular cutouts and end conditions on the
optimal fiber orientations and the associated optimal
buckling loads of symmetrically laminated plates are
shown.

Keywords: buckling, optimization, symmetrically lam-
inated plates, end conditions, sequential linear
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1 INTRODUCTION

The use of fiber-reinforced laminated composite plates
in aerospace structures has increased rapidly in recent
years. The composite plates in service are commonly
subjected to various kinds of compression which may
cause buckling. Hence, structural instability becomes a
major concern in safe and reliable design of the
composite plates. The buckling resistance of compos-
ite laminate plates depends on end conditions,
lamination parameters such as ply orientations,'™ and
geometric variables such as aspect ratios, thicknesses
and cutouts.>>® Therefore, for composite plates with
a given material system, geometric shape, thickness
and end condition, the proper selection of appropriate
lamination to achieve maximum buckling resistance
becomes a crucial problem.

Research on the subject of structural optimization
has been reported previously.” Among various
optimization schemes, the method of sequential linear
programming has been successfully applied to many
large-scale structural problems.'®!! Hence, lineariza-
tion of non-linear optimization problems to meet

277

requirements for iterative applications of a linear
programming method is one of the most popular
approaches to solving the structural optimization
problem.

In the present investigation, buckling optimization
of symmetrically laminated plates with respect to fiber
orientations is performed by using a sequential linear
programming method together with a simple move-
limit strategy. The critical buckling loads of composite
plates are calculated by the bifurcation buckling
analysis implemented in the ABAQUS finite element
program.”” In the present paper, the bifurcation
buckling analysis, the constitutive equations for
fiber-composite laminate and the optimization method
are briefly reviewed first. Then the influence of end
conditions, plate thicknesses, aspect ratios, and
cutouts on the optimal fiber orientations and the
associated optimal buckling loads of composite plates
is presented. Finally, important conclusions obtained
from this study are given.

2 BIFURCATION BUCKLING ANALYSIS

In the finite element analysis, a system of non-linear
algebraic equations results in the incremental form:

(K Jd{u} = d{p} (1)

where [K,] is the tangent stiffness matrix, d{u} the
incremental nodal displacement vector and d{p} the
incremental nodal force vector.

Within the range of elastic behavior, it is known
that when the deformation of a structure is small, the
non-linear theory leads to the same critical load as the
linear theory.'>'* Consequently, if only the buckling
load is to be determined, the calculation can be
greatly simplified by assuming the deformation to be
small and we can neglect the non-linear terms which
are functions of nodal displacements in the tangent
stiffness matrix. The linearized formulation then gives
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rise to a tangent stiffness matrix in the following
expression:'?
(K] = [KyL] + [K,] )

where [K] is a linear stiffness matrix and [K,] a stress
stiffness matrix. If a stress stiffness matrix [K, ], is
generated according to a reference load {p}..;, for
another load level {p} (with A being a scalar
multiplier), we have:

{P} = /\{p}ref; [KO‘] = )‘[Ka']ref (3)

When buckling occurs, the external loads do not

change, i.e. d{p} = 0. Then the bifurcation solution for

the linearized buckling problem may be determined
from the following eigenvalue equation:

([KL] + /\cr[KU]ref)d{u} =0 (4)
where A, is an eigenvalue and d{u} becomes the
eigenvector defining the buckling mode. The critical
load {p}. can be obtained from {p}. = Ac{pher In
ABAQUS, a subspace iteration procedure’® is used to
solve for the eigenvalues and eigenvectors.

3 CONSTITUTIVE MATRIX FOR FIBER-
COMPOSITE LAMINAE

In finite element analysis, the laminate plates are
modeled by eight-node isoparametric laminate shell
elements with six degrees of freedom per node (three
displacements and three rotations). The formulation
of the shell allows transverse shear deformation.'*!’
These shear flexible shells can be used for both thick
and thin shell applications.'

During the analysis, the constitutive matrices of
composite materials at element integration points
must be calculated before the stiffness matrices are
assembled from element level to global level. For
fiber-composite laminate materials, each lamina can
be considered as an orthotropic layer. The
stress/strain relationships for a lamina in the material
coordinates (1,2,3) (Fig. 1) at an element integration
point can be written as:

{o'}=[Q:il{e’};
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where {0} = {01, 02, Tio}’, {7} = {713, 23}, {€'} ={es,
&, 112}’ {¥'}={v13 ¥2s}7, and a; and a, are shear
correction factors. In ABAQUS, the shear correction
factors are calculated by assuming that the transverse
shear energy through the thickness of the laminate is
equal to that of the case of unidirectional bending.'>'®
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Fig. 1. Material and element coordinate systems for
fiber-composite laminate.

The constitutive equations for the lamina in the
element coordinates (x,y,z) then become:

{o} =10:ek; (@] =[RI"[QIIT] ()
t=[Q: v} [Q:]=I[T)[Q3T] )

cos 26 sin 26 sin @ cos 6
(1] = sin 0 cos 20 —sin 6 cos 8
—2sin@cos® 2sinOcosO cos?O—sin?@
)
cos@ sin@
)= [ ] 10
[72] —sin @ cos 8 (10)

where {U} = {Ux’ Ty a-xy}Ta {T} = {sz’ Tyz}T> {E} = {ex’
€, Yoyt > {7} = {¥ez» vz}, and the fiber orientation, 6,
is measured counterclockwise from the element local x
axis to the material 1 axis.

Let {€,} = {€r0r €y0r Yiyo}' be the in-plane strains at
the mid-surface of the laminate section, {«x} ={«., «,,
ny}T the curvatures, and /4 the total thickness of the
section. If there are n layers in the layup, the stress
resultants, {N} = {N,, N,, N,}", {M}={M,, M,, M,,}7
and {V}={V,, V,}", can be defined as:

{N} wo | 10} w | [Qil{e}
oy p= [y elod paz= [ 1 zloie paz
vi) "l L0y}

o | [Qi]({eo} + 2{k})
ZJ z[01]({eo} + z{x}) pdz
B S (5 ¢

n
i=1
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1 2 2 1 3_ .3
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[O]T [O]T (er - Zjb)[QZ {7}
(11)

where z;, and z;;, are the distance from the mid-surface
of the section to the top and the bottom of the jth
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layer respectively. [0} represents a 3 by 2 matrix with
all the coefficients equal to zero. It can be noted that
for composite laminae with symmetric layup, the
extensional and the flexural terms in eqn (11) become
uncoupled, i.e.

2 (@ )01 =

M=
o O o

00
00 (12)
00

4 SEQUENTIAL LINEAR PROGRAMMING

A general optimization problem may be defined as:
minimize

f(x) (13a)
subject to:
gx)=0, i=1,...,r (13b)
hi(x)=0, j=r+1,...,m (13¢)
Pk =X =(y, k=1,...,n (13d)

where x={x;, x5,..., x,}’ is a vector of design
variables, f(x) is an objective function, gi(x) are
inequality constraints, and h;(x) are equality con-
straints. p, and g, are lower and upper limits of the
variable x,. If an optimization problem requires
maximization, we simply minimize —f(x).

For the optimization problem of eqns (13), a
linearized problem may be constructed by ap-
proximating the non-linear functions at a current
solution point, X, = (Xo1, Xo2, « - + » Xon} , in a first-order
Taylor series expansion as follows: minimize

F) = f(xo) + Vf(x,) 8x (14a)
subject to:
8i(x) = gi(xo) + Vgi(x,) 'x =0 (14b)
hy(x) = hy(xo) + Vh(xo) 8x =0 (14c)
D =X =gy (14d)
where i=1,...,r; j=r+1,...,m; k=1,...,n;
BX ={X1 = Xot, X2= Xozs -+, Xn — Xop} -

It is clear that eqns (14) represent a linear
programming problem and a solution for these
equations may be easily obtained by the simplex
method.”” After obtaining an initial approximate
solution for eqns (14), say x;, we can linearize the
original problem, eqns (13), at x; and solve the new
linear programming problem. The process is repeated
until a precise solution is achieved. This approach is
referred to as sequential linear programming.'®!’

Although the procedure for sequential linear
programming is simple, the optimum solution for the
approximated linear problem may violate the
constraint conditions of the original optimization
problem. In addition, if the true optimum solution of a
non-linear problem appears between two constraint
intersections, a straightforward successive lineariza-
tion may lead to an oscillation of the solution between

the widely separated values. Difficulties in dealing
with such problems may be avoided by imposing a
‘move limit"'>!" on the linear approximation, which is
a set of box-like admissible constraints placed on the
range of &x. Generally, the choice of a proper move
limit depends on experience and on the results of
previous steps. In addition, the move limit should
gradually approach zero as the iterative process of the
sequential linear programming continues.'*!

The algorithm of the sequential linear programming
with selected move limits may be summarized as
follows:

1. linearize the non-linear objective function and
associated constraints with respect to an initial
gueSS Eo;

2. impose move limits in the form of —a= (x—
Xx,)= b, where a and b are properly chosen
lower and upper bounds;

3. solve the approximate linear programming
problem to obtain an optimum solution x;

4. repeat the procedures (1)-(3) by redefining x,
with x, until either the subsequent solutions do
not change significantly (i.e. true convergence)
or the move limit approaches zero (i.e. forced
convergence); if the solution obtained is due to
forced convergence, the procedures (1)-(4)
should be repeated with another initial guess.

A detailed ‘flow diagram’ of sequential linear
programming can be found elswhere."

S RESULTS OF THE OPTIMIZATION
ANALYSIS

5.1 Rectangular laminate plates with various aspect
ratios and end conditions

In this section composite laminate rectangular plates
subjected to a uniaxial compressive load N, per unit
length applied at the edges normal to the x direction
are analyzed (Fig. 2). The width of the plates, b, is
10cm and the length of the plates, a, is varied
between 5 and 40 cm. Three types of end conditions
are considered, which are two ends simply supported
(denoted by S) and two ends fixed (denoted by F),
four ends simply supported, and four ends fixed.
These end conditions prevent out of plane displace-
ment, w, but allow in-plane movements, u and v. In
addition, all the points on the right edge of the plates
are enforced to displace the same amount u in the x
direction, and all the points on the upper edge of the
plates are enforced to displace the same amount v in
the y direction. The thickness of each ply is 0-125 mm.
The laminate layups of the plates are [ + 6/90/0],,. In
order to study the influence of plate thickness on the
results of optimization, n =2 (16-ply thin plate) and
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Fig. 2. Uniaxially compressed composite plates with: (a) two

simply supported ends and two fixed ends; (b) four simply

supported ends; and (c) four fixed ends. (F, fixed; S, simply
supported.)

10 (80-ply thick plate) are selected for analysis. The
lamina consists of graphite/epoxy (Hercules AS/3501-
6) and material constitutive properties are taken from
a previous studty:*' E;; =128 GPa, E», =11GPa,
v, =025, Gy, = G133 =448 GPa, and G,; =1-53 GPa.
In the finite element analysis, no symmetry simplifica-
tions are made. A typical buckling mode for
[ + 40/90/0],, rectangular laminate plate with a/b =2
and with two simply supported ends and two fixed
ends is shown in Fig. 3(a).

Based on the sequential linear programming
method, in each iteration the current linearized
optimization problem becomes: maximize

aA[XCI'

NXC]’(G) = NYCI"(BO) + (6 - 6O) W o=0 (153)

subject to:
0°=0=90° (15b)

—rXgXx05=(60-6,)=<rxgx05 (15c)

where N, is the critical buckling load, 6, is a solution
obtained in the previous iteration, and r and g are the
size and the reduction rate of the move limit. In the
present study, the values of r and g are selected to be
20° and 0-9"™V, where N is a current iteration
number. In order to control the oscillation of the
solution, a parameter 0-5° is introduced in the move
limit, where s is the number of oscillations of the
derivative oN,./d8 that has taken place before the

current iteration. The value of s increases by 1 if the
sign of JN,./d0 changes. Whenever oscillation of the
solution occurs, the range of the move limit is reduced
to half of its current value, which is similar to a
bisection method.”” This increases the solution
convergent rate very rapidly.

The JN,./d@ term in eqn (15a) may be
approximated by using a forward finite-difference
method with the following form:

aNxcrN [Nxcr(eo + Ae) - Nxcr(oo)]
a0 A

(16)

Hence, to determine the value of JN,./d6
numerically, two bifurication buckling analyses to
compute N,.(6,) and N,.(6,+ A8) are needed in
each iteration. In this study, the value of A@ is selected
to be 1° in most iterations.

This optimization problem involves only one design
variable 6. Although, there are other simple
techniques, such as polynomial interpolation and the
golden section method, available for solving problems
of one variable, the sequential linear programming
method is still selected for the optimization. This is
because the method can be extended to more
variables (i.e. the angles of other plies) easily."'

Figure 4 shows the optimal fiber angle 6 and the
associated optimal buckling load N with respect to
plate aspect ratio a/b for [+ 6/90/0],, rectangular
composite plates. From Fig. 4(a), we can see that the
optimal fiber angle for plates with four simply
supported ends is less sensitive to a/b than the
corresponding plates with fixed ends. The optimal
fiber angle shows the highest sensitivity for the plates
with all four ends fixed. Nevertheless, the optimal
fiber angles for plates with different end conditions
seem to vary around certain values when the plate
aspect ratios are increased. The results presented in
Fig. 4(b) show that the effect of end conditions on the
optimal buckling load are more pronounced for values
of a/b< 1. As a/b increases, the optimal buckling
loads approach constant values, and the difference in
buckling load due to the difference in end conditions
on the loaded edges of the plates disappears as it does
for corresponding plates with a fixed value of 6.
Overall, the highest buckling loads are exhibited by
the plates with four fixed ends and the lowest by the
plates with four simply supported ends, which is
consistent with the trend exhibited by corresponding
plates with a fixed value of 6.

Figure 5 shows the optimal fiber angle 6 and the
associated optimal buckling load versus plate aspect
ratio for [+ 6/90/0],, rectangular composite plates.
Figure 5(a) shows that the optimal fiber orientation
for plates with four fixed ends is not sensitive to a/b.
The optimal fiber angle varies between 0° and 22° for
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(a) Rectangular plate (a/b = 2), Ny = 2.41 kN/em

(c¢) Rectangular plate (a/b = 2, d/b = 0.8), Ny = 3.30 kN/cm

Fig. 3. Typical buckling modes of composite plates with [ + 40/90/0],, laminate layup and with two simply supported ends and
two fixed ends.

plates with two simply supported ends and two fixed
ends. For plates with four simply supported ends, the
optimal fiber angle oscillates between 18° and 42°. It
seems that the optimal fiber angles are sensitive to the
end conditions even for large plate aspect ratios. From
Fig. 5(b), it can be seen that the optimal buckling
loads change significantly for plates with small aspect
ratios and gradually approach constant values when
the aspect ratios become large.

Comparing Fig. 5 with Fig. 4, we can observe that
when the plate thicknesses are increased, not only do
the optimal buckling loads of plates increase but also
the transverse shear deformation greatly affects the
behavioral trends of the optimal fiber angle.

5.2 Square laminate plates with various central
circular cutouts and end conditions

In this section, composite laminate square plates with
a central circular cutout subjected to uniaxial
compressive load as shown in Fig. 6(a) are analyzed.
The length of the plates, a, is 10 cm and the diameter
of the cutout, d, varies between 1 and 8 cm. Three
types of end conditions, i.e. SFSF, SSSS, and FFFF,
similar to those in the previous section are considered.
Again, the laminate layups, [+ 6/90/0],, and [%
6/90/0],0s, are selected for analysis. A typical buckling
mode for [+40/90/0],, square laminate plate with
d/a = 0-5 and with two simply supported ends and two
fixed ends is shown in Fig. 3(b).
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Fig. 4. Effect of end conditions and plate aspect ratios on
buckling optimization of uniaxially compressed [ & 6/90/0],,
rectangular composite plates.

Figure 7 shows the optimal fiber angle and the
associated optimal buckling load versus the ratio d/a
for [ + 6/90/0],, square composite plates with a central
circular cutout. From Fig. 7(a), we can see that the
optimal fiber orientations of these plates with various
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Fig. 5. Effect of end conditions and plate aspect ratios on
buckling optimization of uniaxially compressed [ & 6/90/0],
rectangular composite plates.
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Fig. 6. Composite plates with a circular cutout at center.

end conditions are quite different. The optimal fiber
orientation shows the highest sensitivity for the plates
with two simply supported ends and two fixed ends.
The optimal fiber angle is around 40° for plates with
four simply supported ends. For plates with four fixed
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Fig. 7. Effect of end conditions and sizes of cutouts on
buckling optimization of uniaxially compressed [ = 6/90/0],,
square composite plates with a central circular cutout.
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ends, the optimal fiber angle is not sensitive to the
sizes of the cutouts until d/a > 0-6. Figure 7(b) shows
that the optimal buckling loads increase with the
increase of the sizes of cutouts for plates with four
fixed ends, and plates with two simply supported ends
and two fixed ends. This phenomenon is quite
different from our intuition that introducing a large
hole into a plate can cause a reduction in the buckling
load of the plate. However, a previous study of
isotropic plates® did show that introducing a hole into
a plate does not always reduce the buckling load and,
in some instances, may increase its buckling load. In
addition, this notion has been verified both numeri-
cally and experimentally’ for orthotropic laminated
plates. For plates with four simply supported ends, the
optimal buckling load first decreases then increases
with increasing d/a ratio.

Figure 8 shows the optimal fiber angle and the
optimal buckling load with respect to the d/a ratio for
[+ 6/90/0],o, square composite plates with a central
circular cutout. We can observe that the optimal fiber
angles and optimal buckling loads of plates with two
simply supported ends and two fixed ends are the
same as those of plates with four fixed ends. We can
also observe that for the same d/a ratio, the plates
with four simply supported ends have the greatest
optimal fiber angles and have the lowest buckling
loads. However, the difference in optimal fiber angle
and buckling load due to the difference in end
conditions disappears when the size of the cutout is
large (say d/a > 0-6). In spite of the end conditions,
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Fig. 8. Effect of end conditions and sizes of cutouts on
buckling optimization of uniaxially compressed [ + 8/90/0];,,
square composite plates with a central circular cutout.

the optimal buckling loads of these plates decrease
with increasing size of cutouts.

Comparing Fig. 8 with Fig. 7, we can observe that
the plate thickness has very little influence on the
optimal fiber orientations of plates with four fixed
ends. However, it affects significantly the optimal fiber
orientations of plates with four simply supported ends
and plates with two simply supported ends and two
fixed ends.

5.3 Rectangular laminate plates containing a central
circular cutout with various aspect ratios and end
conditions

In this section composite laminate rectangular plates
with a central circular cutout subjected to uniaxial
compressive load as shown in Fig. 6(b) are analyzed.
The width of the plates, b, is 10 cm, the length of the
plates, a, varies between 5 and 40cm, and the
diameter of the cutout, d, is selected to be 8cm.
Again, three types of end conditions, SFSF, SSSS, and
FFFF, and two types of laminate layups, [ £ 8/90/0],
and [ £ 6/90/0},0,, are selected for analysis. A typical
buckling mode for [ +40/90/0], rectangular laminate
plate with a/b=2, d/b=0-8 and with two simply
supported ends and two fixed ends is shown in Fig.
3(c).

Figure 9 shows the optimal fiber angle and the
associated optimal buckling load versus plate aspect
ratio for [+ 6/90/0],; rectangular composite plates
with a central circular cutout. From Fig. 9(a), we can
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Fig. 9. Effect of end conditions and plate aspect ratios on

buckling optimization of uniaxially compressed [ + 6/90/0],,

rectangular composite plates with a central circular cutout
(d/b=08).
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see that the optimal fiber angle for plates with four
simply supported ends is greater than those of plates
with other end conditions. The optimal fiber angles of
plates with four fixed ends and plates with two simply
supported ends and two fixed ends gradually approach
0° when the plate aspect ratios are large. Figure 9(b)
shows that the optimal buckling loads for plates with
four fixed ends, and with two simply supported ends
and two fixed ends gradually decrease when the a/b
ratio increases. It seems that the optimal buckling
loads of plates with four simply supported ends are
insensitive to the a/b ratio.

Figure 10 shows the optimal fiber angle 6 and the
associated optimal buckling load versus plate aspect
ratio for [=+0/90/0]4 rectangular composite plates
with a central circular cutout. We can see that the
results of optimization (both optimal fiber angle and
optimal buckling load) for these plates with various
end conditions are very close. Comparing Fig. 10 with
Fig. 9, we can observe that the results of optimization
for thin plates with various end conditions are quite
different. However, for thick plates, the end
conditions have almost no influence on the results of
optimization.

Comparing plates with cutouts (Fig. 9) with plates
without cutouts (Fig. 4), we can see that the cutouts
cause the results of optimization of thin plates with
two simply supported ends and two fixed ends to be
close to those of plates with four fixed ends.
Comparing Fig. 10 with Fig. 5, we can see that the

0 (degrees)

40

39

(kN/cm)

38¢F

xcr

N

37 . L N L s
1 1.5 2 2.5 3 3.5 4
a/b
(b) Aspect ratio a/b vs. critical compressive load

Fig. 10. Effect of end conditions and plate aspect ratios on

buckling optimization of uniaxially compressed [ + 6/90/0],0,

rectangular composite plates with a central circular cutout
(d/b =0-8).

cutouts cause the results of optimization of thick
plates with different end conditions to become close
together.

6 CONCLUSIONS

In the process of sequential linear programming, most
optimal results are obtained within 11 iterations, and
the results are all verified by choosing different initial
guesses. Hence, as a general conclusion, the sequential
linear programming is efficient and stable to solve
non-linear optimization problems.

For the optimal buckling analysis of uniaxially
compressed symmetrically laminated plates with
various plate thicknesses, aspect ratios, circular
cutouts and end conditions, the following conclusions
may be drawn.

1. For thin rectangular composite plates without
cutouts, and with various end conditions, the
optimal fiber angles seem to vary around certain
values when the plate aspect ratios are
increased. For thick plates, the optimal fiber
angles are sensitive to the end conditions even
when the plate aspect ratios are large. When the
plate aspect ratios are increased, the optimal
buckling loads of all thin and thick plates with
different end conditions gradually approach to
constant values.

2. The optimal fiber angles and the optimal
buckling loads of thin square composite plates
with a central circular cutout are influenced
significantly by the end conditions. The optimal
buckling loads of these plates, except the plates
with four simply supported ends, increase with
the increase of the sizes of cutouts. Hence, it is
possible to tailor the cutout size and fiber angle
to increase the buckling loads of traction loaded
plates beyond those of corresponding plates
without cutouts.

3. For thick square composite plates with a central
circular cutout, the results of optimization of
plates with two simply supported ends and two
fixed ends are the same as those of plates with
four fixed ends. Nevertheless, when the sizes of
the cutouts are large, the results of optimization
for plates with different end conditions seem to
be very close. In addition, the optimal buckling
loads of these thick plates all decrease with the
increase of the sizes of cutouts.

4. The presence of a central circular cutout for thin
rectangular composite plates causes the results
of optimization for plates with two simply
supported ends and two fixed ends to be close to
those of plates with four fixed ends.

5. The presence of a central circular cutout for
thick rectangular composite plates causes the



Buckling optimization of laminated plates

end conditions to have almost no influence on
the results of optimization.

In this paper, bifurcation buckling analysis is carried

out based on the assumption that the composite
laminate material behaves linearly. For low aspect
ratio plates and for plates with large cutouts, the
stresses in the laminates may exceed the elastic range
and these laminates are probably driven by compres-
sion strength failure instead of buckling. In these
cases, buckling analyses of composite plates based on
non-linear material properties are recommended.*
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